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Abstract
In this thesis a general relativistic framework for the calculation of the
electroweak structure of mesons of arbitrary constituent-quark masses is
presented. The physical processes in which the structure is measured, i.e.
electron-meson scattering and semileptonic weak decays, are treated in a
Poincare´ invariant way by making use of the point-form of relativistic quan-
tum mechanics. The electromagnetic and weak meson currents are ex-
tracted from the 1-photon or 1-W-exchange amplitudes that result from
a Bakamjian-Thomas type mass operator for the respective systems. The
covariant decomposition of these currents provides the electromagnetic and
weak (transition) form factors. The formalism is first applied to the study
of heavy-light systems. Problems with cluster separability, which are inher-
ent in the Bakamjian-Thomas construction, are discussed and it is shown
how to keep them under control. It is proved that the heavy-quark limit of
the electroweak form factors leads to one universal function, the Isgur-Wise
function, confirming that the requirements of heavy-quark symmetry are
satisfied. These results are discussed and compared with analogous calcula-
tions in the front form of dynamics.
The formalism is further applied to the study of bound states whose
binding is caused by dynamical particle exchange. The problem of how to
take into account retardation effects in the particle-exchange potential is
formulated and it is shown how they affect the binding energy and wave-
function solution for a dynamical model of the deuteron.
At the end of this work an example where the Clebsch-Gordan coeffi-
cients of the Poincare´ group are applied is presented. The angular momen-
tum decomposition of chiral multiplets is given in the instant and in the
front forms.
Contents
1 Introduction 1
2 The point form of dynamics 7
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Forms of relativistic dynamics . . . . . . . . . . . . . . . . . . 8
2.3 The point form . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3.1 The Bakamjian-Thomas construction . . . . . . . . . . 10
2.3.2 Velocity states . . . . . . . . . . . . . . . . . . . . . . 12
2.3.3 Mass operators from interaction Lagrangians . . . . . 13
3 Coupled-channel approach 15
3.1 Electron-meson scattering . . . . . . . . . . . . . . . . . . . . 16
3.2 Weak decays . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Dynamical exchange potential . . . . . . . . . . . . . . . . . . 23
4 Currents and form factors 25
4.1 Electromagnetic form factors . . . . . . . . . . . . . . . . . . 25
4.1.1 Pseudoscalar bound states . . . . . . . . . . . . . . . . 25
4.1.2 Vector bound states . . . . . . . . . . . . . . . . . . . 30
4.2 Decay form factors . . . . . . . . . . . . . . . . . . . . . . . . 32
4.2.1 Pseudoscalar-to-pseudoscalar transitions . . . . . . . . 32
4.2.2 Pseudoscalar-to-vector transitions . . . . . . . . . . . 33
5 Heavy-quark symmetry 37
5.1 Space-like momentum transfer . . . . . . . . . . . . . . . . . . 38
5.1.1 Definition of the heavy-quark limit (h.q.l.) . . . . . . . 38
5.1.2 Meson-electron kinematics in terms of velocities . . . . 39
5.1.3 Currents and form factors in the h.q.l. . . . . . . . . . 40
5.1.4 The infinite momentum frame and the Breit frame . . 43
5.2 Time-like momentum transfer . . . . . . . . . . . . . . . . . . 45
5.2.1 Kinematics in terms of velocities . . . . . . . . . . . . 46
5.2.2 Flavor symmetry . . . . . . . . . . . . . . . . . . . . . 46
5.2.3 Currents and form factors
in pseudoscalar-to-pseudoscalar meson transitions . . . 47
i
ii CONTENTS
5.2.4 Spin symmetry . . . . . . . . . . . . . . . . . . . . . . 48
5.2.5 Currents and form factors
in pseudoscalar-to-vector meson transitions . . . . . . 49
6 Numerical studies I 51
6.1 Meson wave function . . . . . . . . . . . . . . . . . . . . . . . 51
6.2 The Isgur-Wise function . . . . . . . . . . . . . . . . . . . . . 51
6.3 Heavy-quark symmetry breaking in e.m. processes . . . . . 53
6.4 Heavy-quark symmetry breaking in weak processes . . . . . 55
6.4.1 Cluster properties . . . . . . . . . . . . . . . . . . . . 59
6.5 Comparison with front-form results . . . . . . . . . . . . . . . 59
7 Numerical studies II 63
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
7.2 Pseudoscalar-to-pseudoscalar transitions . . . . . . . . . . . . 64
7.3 Pseudoscalar-to-vector transitions . . . . . . . . . . . . . . . . 69
7.4 Conclusions and outlook . . . . . . . . . . . . . . . . . . . . . 76
8 Dynamical binding forces 77
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
8.2 The Walecka model . . . . . . . . . . . . . . . . . . . . . . . . 78
8.3 The deuteron bound-state problem . . . . . . . . . . . . . . . 79
8.4 The electron-deuteron scattering problem . . . . . . . . . . . 81
8.4.1 Graphical representation . . . . . . . . . . . . . . . . . 82
8.4.2 Currents and form factors . . . . . . . . . . . . . . . . 85
8.4.3 Properties of the currents . . . . . . . . . . . . . . . . 88
8.5 Numerical results: the bound-state problem . . . . . . . . . . 91
9 Front-form chiral multiplets 93
9.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
9.2 Instant-form decomposition . . . . . . . . . . . . . . . . . . . 95
9.3 Front-form decomposition . . . . . . . . . . . . . . . . . . . . 98
10 Summary and conclusions 103
A Notation and conventions 107
A.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
A.1.1 The Poincare´ group . . . . . . . . . . . . . . . . . . . 107
A.1.2 The covering group of the Poincare´ group . . . . . . . 110
A.1.3 Field operators . . . . . . . . . . . . . . . . . . . . . . 111
B Matrix elements 113
B.1 Electromagnetic scattering . . . . . . . . . . . . . . . . . . . . 113
B.2 Weak decays . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
CONTENTS iii
C Limits and frames 119
C.1 The heavy-quark limit . . . . . . . . . . . . . . . . . . . . . . 119
C.1.1 Boosts . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
C.1.2 Currents and form factors . . . . . . . . . . . . . . . . 120
C.2 Extraction of form factors . . . . . . . . . . . . . . . . . . . . 122
C.2.1 The infinite-momentum frame . . . . . . . . . . . . . . 123
C.2.2 The Breit frame . . . . . . . . . . . . . . . . . . . . . 124
D Exchange currents 125
D.1 The deuteron bound-state problem . . . . . . . . . . . . . . . 125
D.1.1 The npσ wave function . . . . . . . . . . . . . . . . . 125
D.2 The electron-deuteron scattering problem . . . . . . . . . . . 127
D.2.1 Matrix elements of the optical potential . . . . . . . . 127
D.2.2 The deuteron exchange currents in the infinite-momentum
frame κD →∞ . . . . . . . . . . . . . . . . . . . . . . 129

Chapter 1
Introduction
This thesis is part of a bigger project which aims at the development of a
theoretical formalism to describe the structure of hadrons or, more general,
of few-body bound states in terms of the properties of their constituents
within the framework of the point form of relativistic dynamics [1]. The
observables that encode the internal structure of hadrons are called form
factors. They are functions of the Lorentz invariant variables one can build
from the four-momenta of the incoming and outgoing hadron. The theo-
retical analysis of hadron form factors amounts to the derivation of hadron
currents in terms of constituents’ currents. The electroweak hadron currents
we are interested in can be extracted from invariant one-boson-exchange am-
plitudes, which are written as the contraction of a (pointlike) lepton current
with a hadron current times the gauge-boson (γ, W±, Z0) propagator.
A proper relativistic formulation of the electroweak structure of few-body
bound states poses several problems. The hadron current cannot be a simple
sum of the constituent currents [2]. Even if one has model wave functions
for the few-body bound states one is interested in, it is not straightforward
to construct electromagnetic and weak currents with all the properties they
should have.
Two basic features are Poincare´ covariance and cluster separability [3,
4, 5]. The latter means that the bound-state current should become a sum
of subsystem currents, if the interaction between the subsystems is turned
off. This property is closely related to the requirement that the charge of
the whole system should be the sum of the subsystem charges, irrespec-
tive whether the interaction is present or not [6]. Electromagnetic currents
should, furthermore, satisfy current conservation and in the case of elec-
troweak currents of heavy-light systems one has restrictions coming from
heavy-quark symmetry that should be satisfied if the mass of the heavy
quark goes to infinity [7, 8, 9].
Quantum chromodynamics (QCD) has been established as the theory of
the strong interaction. The extraction of hadron observables such as masses
1
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and electroweak form factors from first principles requires to solve the QCD
bound-state problem. As long as a complete answer is not available in the
low-energy regime, different approximations and QCD-motivated models are
required as a step towards the understanding of hadron properties that might
be justified by the underlying theory a posteriori. The difficulty of deriving
electromagnetic and weak hadron currents and form factors lies in the fact
that one has to respect, at the same time, Poincare´ covariance and the
non-perturbative nature of strongly bound states. The scale of reactions
where energy and momentum transfers are comparable to the masses of the
constituent particles and where particle production may occur, requires to
combine quantum theory with the principles of relativity.
Dirac formulated the problem of including interactions in relativistic
classical Hamiltonian dynamics [1]. His formulation generalizes in a natural
way to quantum mechanical systems by means of canonical quantization. He
identified three particular forms for which the solution of the problem sim-
plifies. He called them the instant form, the point form and the front form.
Each form is associated with a hypersurface in Minkowski space that is left
invariant under transformations belonging to the kinematical subgroup of
the Poincare´ group. The corresponding generators (kinematical generators)
are free of interactions. Interaction terms enter the, so called, dynamical
generators. Classically, initial conditions are posed on those hypersurfaces,
quantum mechanically they serve as quantization surfaces. Although Dirac
formulated the problem in classical mechanics, the three forms exist also
in quantum mechanics and in quantum field theory. In fact, in quantum
field theory the interaction terms enter automatically the dynamical gener-
ators by integrating the corresponding Noether currents over the respective
quantization surfaces. An explanation how this is done within the instant,
front and point forms, respectively, can be found in Refs. [10, 11, 12]. Ref-
erence [10], e.g., demonstrates that it is highly non-trivial to boost bound
states in QCD using instant-form boosts.
Of the three forms of dynamics the point form is the least known one, de-
spite it possesses definite virtues in applications to low- and medium-energy
hadron problems [13]. It has the nice feature that the Lorentz group (ro-
tations and boosts) is kinematical. This allows to boost and rotate bound-
state wave functions in a simple way. As a price, all components of the
4-momentum operator become interaction dependent. The framework of
relativistic quantum mechanics combines quantum theory and the princi-
ples of special relativity. It deals with a finite number of degrees of freedom
and aims at the construction of dynamical models compatible with a set of
general principles, including relativity. By construction, the aspired sym-
metries are thus realized exactly [3].
The framework we will adopt is based on the point form of relativistic
quantum mechanics (PFRQM) and makes use of the Bakamjian-Thomas
construction [3, 14] for introducing interactions in a fully Poincare´ invari-
3ant manner. As a consequence the 4-momentum operator factorizes into
an interacting mass operator and a free 4-velocity operator so that it suf-
fices to consider only an eigenvalue problem for the mass operator. We use
a multichannel version of a Bakamjian-Thomas type mass operator [3, 14]
that is represented in a velocity-state basis [15]. A strategy that certainly
distinguishes our approach from other approaches is the description of inter-
action vertices, which are motivated by quantum field theory and given by
means of an appropriate relation to the respective interaction Lagrangian
density [16].
The multichannel formalism we are going to use was first applied to cal-
culate the spectrum and decay widths of vector mesons within the chiral
constituent quark model [17, 18]. More recently, electromagnetic properties
of spin-0 and spin-1 two-body bound states consisting of equal mass par-
ticles [13, 19, 20] have been studied. These calculations were restricted to
space-like momentum transfers. For instantaneous binding forces the results
were found to be equivalent with those obtained with a one-body ansatz for
the current in the covariant front-form approach [21]. The present work
is an extension of this foregoing work to unequal-mass constituents and to
weak decay form factors in the time-like momentum transfer region. A great
part of the work presented here can also be found in Refs. [22, 23, 24, 25].
An additional requirement for the description of systems with unequal
constituent masses is to respect the heavy-quark symmetry predictions in
the limit in which one of the masses is infinitely heavy [9]. This work is also
intended as a check whether the additional restrictions imposed by heavy-
quark symmetry are respected if one lets one of the masses go to infinity.
The literature on point-form calculations of the electroweak structure
of heavy-light systems is very sparse, although the point form seems to be
particularly suited for the treatment of this kind of systems. We are aware
of two papers by Keister [26, 27]. It is possible to formulate a covariant
one-body current in the point form by imposing the general constraints that
such a current should have [28, 29]. However, following Refs. [13, 19, 20],
our purpose is to derive these currents in such a way that they are com-
patible with the binding forces, avoiding to make a particular ansatz that
imposes the conditions that the current should have. There is a long list
of papers in which relativistic constituent-quark models serve as a starting
point for the calculation of the electroweak structure of heavy-light mesons
in front form. To mention a few, see those in Refs. [30, 31, 32, 33, 34].
In these papers the electromagnetic and weak meson currents are usually
approximated by one-body currents, which means that those currents are
assumed to be a sum of contributions in which the gauge boson couples only
to one of the constituents, whereas the others act as spectators. It is well
known that this approximation leads to problems with covariance of the
currents in front form and in instant form [6]. The form factors extracted
from such a one-body approximation of a current depend, in general, on
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the frame in which the approximation is made. In the covariant front-form
formulation suggested in Ref. [21] this problem is circumvented by intro-
ducing additional, spurious covariants and form factors that are associated
with the chosen orientation of the light front. One way to (partly) cure this
problem is the introduction of a non-valence contribution leading to a, so
called, Z-graph [35, 36]. This is necessary, in particular, when one considers
weak decays, where the momentum transfer is time like and it is thus not
possible to use the very convenient q+ = 0 frame in the front form. Such
a non-valence contribution to the currents is also included in an effective
way in the instant-form approach of Ebert et al. [37]. In connection with
instant-form constituent-quark models one should also mention the papers
of Le Yaouanc et al. (see, e.g., Ref. [38] and references therein). They were
the first to prove that covariance of a one-body current is recovered, if the
mass of the heavy quark goes to infinity [39]. Thereby they made use of the
known boost properties of wave functions within the Bakamjian-Thomas
formulation of relativistic quantum mechanics.
Another focus of investigation of this thesis concerns the question of
cluster separability. It is know that the Bakamjian-Thomas construction
entails cluster problems [3], which are manifest also in our calculation of
form factors and lead to unphysical contributions in the electromagnetic
currents [13, 20]. This resembles the occurrence of analogous contributions
within the covariant light-front formulation of Carbonell et al. [21]. It is
our purpose to investigate these nonphysical dependence in the case of elec-
troweak form factors of heavy-light systems.
A further step forward is done in Chap. 8, where we extend the formalism
to the study of bound states whose binding is caused by dynamical particle
exchange. The problem how to take into account retardation effects in the
particle-exchange potential is formulated and we show the wave-function
solution for a simple dynamical model of the deuteron. Similar studies
on this effects in front-form relativistic quantum mechanics were done in
Ref. [40].
Within the coupled-channel approach it is also possible to deal with
additional dynamical degrees of freedom, such that one can, e.g., account
for non-valence Fock-state contributions in hadrons. Some work in this
direction has already been done in Ref. [41]. A long-term goal would be
to formulate QCD in terms of point-form quantum field theory (PFQFT).
Some work on this matter can be found in Refs. [12, 42, 43, 44].
Structure of this document
This dissertation is organized as follows:
Chapter 2 presents the basics ideas of the point-form framework on which
our work is based and settles the prerequisites for the subsequent chapters.
The coupled-channel formulation is introduced in Chap. 3, where we derive
5the one-photon-exchange amplitude for electron scattering off a heavy-light
meson and the one-W -exchange amplitude for the semileptonic decay of a
heavy-light meson into another heavy-light meson. From these transition
amplitudes we identify the electromagnetic and weak hadron currents. The
Lorentz structure of these currents is studied in Chap. 4 which contains also
a short discussion of cluster problems. As a result of this analysis the electro-
magnetic and weak (transition) form factors are obtained. In Chap. 5 heavy-
quark symmetry is checked by taking one of the quark masses to infinity. The
heavy-quark limit of the electromagnetic and weak decay form factors yields
a single universal function, the Isgur-Wise function. Cluster separability is
studied in the heavy-quark limit and the relation with front-form results
is discussed. Numerical results for electroweak form factors of heavy-light
systems as well as for the Isgur-Wise function are presented and discussed in
Chap. 6. A numerical study of heavy-quark symmetry breaking is made by
comparisons with the Isgur-Wise function. In Chap. 7 the method is applied
to semileptonic heavy-to-light meson decays. A numerical comparison with
results obtained within the light-front quark model is given, observing the
importance of considering the non-valence contributions. Chapter 8 extends
the point-form coupled-channel approach to the study of bound states whose
binding is caused by dynamical particle exchange, which leads to, so-called,
exchange currents. We formulate the coupled-channel problem for electron
scattering off such a bound state, identify again the electromagnetic current
from the one-photon-exchange amplitude, including now the exchange cur-
rent, and study the effect of retardation of the exchanged particle on the
bound-state wave function for a simple Walecka-type model of the deuteron.
Finally, Chapter 9 presents an example where the Clebsch-Gordan coeffi-
cients of the Poincare´ group defined in the context of relativistic quantum
mechanics [3] are applied. The angular momentum decomposition of chiral
multiplets is realized in the instant and in the front forms. These are results
already published in Ref. [45]. The summary, conclusions and an outlook
are given in Chap. 10. For notations, conventions and details of particular
calculations the reader may consult the Appendix.

Chapter 2
The point form of dynamics
The most important concepts needed in the sequel are presented in this
chapter. The framework is the point form of relativistic quantum mechanics.
We summarize here the most important ideas, which can be read in much
more detail in the bibliography provided in this section. The most important
references are [1, 3, 14, 15, 16, 20].
2.1 Introduction
Our point-form approach is formulated within the framework of relativistic
quantum mechanics [3, 46, 47]. This requires to combine the principles
of special relativity with the postulates of quantum mechanics. Relativity
implies that the measured probabilities are not changed by the action of a
symmetry transformation of the Poincare´ group. This can be achieved by
constructing an appropriate representation of the Poincare´ generators that
acts on a certain Hilbert space and that satisfies the Poincare´ algebra. Unlike
quantum field theory, relativistic quantum mechanics describes systems with
a finite number of degrees of freedom. A consistent way to introduce the
interactions in a system with a finite number of particles preserving Poincare´
invariance is provided by the Bakamjan-Thomas construction [3, 14]. We
will employ its point-form version, which allows to split the 4-momentum
operator into an interacting mass and a free velocity operator. This permits
to separate the overall velocity of the system from the internal motion,
so that one can concentrate on the study of the dynamics of the internal
variables only. In this framework it is convenient to define a special basis of
multiparticle states that differs from the usual tensor-product basis. We will
introduce velocity states [15]. At the end of the chapter we present how to
include the creation and annihilation of particles via vertex operators that
are defined by means of a quantum-field theoretical interaction Lagrangian
densities [16]. They will be necessary for the construction of a coupled-
channel formalism that allows to describe particle-exchange interactions.
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This will complete the basic concepts and tools used in the next chapters.
They will be, if necessary, presented in more detail for particular cases.
2.2 Forms of relativistic dynamics
The construction of a Poincare´-invariant quantum theory is equivalent to
finding a representation of the Poincare´ generators in terms of self-adjoint
operators that satisfy the Poincare´ algebra and that act on an appropriate
Hilbert space. The Poincare´ algebra in its manifest covariant form is given
by
[Pˆµ, Pˆ ν ] = 0, (2.1)
[Pˆµ, Jˆνρ] = i(gµν Pˆ ρ − gµρPˆ ν), (2.2)
[Jˆµν , Jˆρσ] = −i(gµρJˆνσ − gµσJˆνρ + gνσ Jˆµρ − gνρJˆµσ). (2.3)
The introduction of interactions has to be made in such a way that the
group structure is preserved, i.e. so that the commutation relations are not
altered. From the commutation relations of the Poincare´ algebra it follows
that the inclusion of interaction terms in the Hamiltonian Pˆ 0 affects the
structure of, at least, some of the other generators. As an example it is
instructive to consider the commutation relation:
[Pˆ j, Kˆk] = iPˆ 0δjk. (2.4)
It is straightforward to notice that adding interactions to Pˆ 0 on the right-
hand side requires also adding interactions on the left-hand side, modifying
either Pˆ j, Kˆk or both of them [3]. The different ways how one introduces
the interactions in the Poincare´ generators leads to the different forms of
relativistic dynamics.
In his seminal paper of 1949 Dirac distinguished three prominent ways
of combining the principles of relativity with the Hamiltonian formulation
of dynamics [1].1 The three prominent forms of relativistic dynamics are
characterized by three different ways of separating kinematical generators –
free of interactions –, from dynamical ones – interaction dependent –. The
latter were called “Hamiltonians” by Dirac [1].
The standard way of including the interactions between particles is the
instant form, which expresses everything in terms of dynamical variables
at one instant of time, e.g. x0 = 0; in quantum theory this is the quan-
tization surface. The Hamiltonians in the instant form are given by the
set {Pˆ 0, Kˆ1, Kˆ2, Kˆ3}, which are the energy and the three generators of the
1Although Dirac formulated the problem in classical mechanics, the goal of letting the
equation of motion have a Hamiltonian form was to allow the transition to the quantum
theory [1]. The forms of dynamics exist also in the quantum theory and in quantum field
theory. In our discussion we will refer only to quantum theory.
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boosts. The kinematical group, consisting of translations and rotations,
leaves the equal-time surfaces invariant.
The second form suggested by Dirac poses the physical conditions on
a three-dimensional hyperboloid, xµxµ = τ
2. In this form the Lorentz
group, i.e. the group consisting of rotations and boosts, is kinematical,
while the four generators of space-time translations are dynamical. The set
{Pˆ 0, Pˆ 1, Pˆ 2, Pˆ 3} are the Hamiltonians in this form, which was called the
point form, for being characterized by the kinematic subgroup leaving the
origin invariant.
The third form is characterized by a three-dimensional hyperplane in
space-time that is tangent to the light-cone. It was called the front form.
The quantization surface is customary chosen as x+ := x0 + x3 = 0. The
front form has the largest number of kinematical generators, namely 7, that
leaves the light front x+ = const. invariant: {Pˆ 1, Pˆ 2, Jˆ3, Kˆ3, Pˆ+ = Pˆ 0 +
Pˆ 3, Eˆ1 = Kˆ1 + Jˆ2, Eˆ2 = Kˆ2 − Jˆ1}. The set of generators that play the
role of Hamiltonians is given by only three dynamical operators {Pˆ− =
Pˆ 0 − Pˆ 3, Fˆ 1 = Kˆ1 − Jˆ2, Fˆ 2 = Kˆ2 + Jˆ1}.
In the point form dynamical and kinematical generators are clearly sepa-
rated into two subgroups of the Poincare´ group, namely the space-time trans-
lations Pˆµ and the homogeneous Lorentz group Jˆµν . This makes Lorentz-
covariance properties of physical quantities quite obvious. The investigations
carried out in this work therefore employ the point form.
2.3 The point form
The kinematical nature of the Lorentz group in the point-form formulation
permits to write equations in a manifestly Lorentz covariant way. One can
perform changes of reference frames in a simple fashion, since the boost op-
erator is not affected by interactions. Using rotationless (canonical) boosts
allows for the addition of angular momentum and spin by means of usual
SU(2)-Clebsch-Gordan coefficients. This is done in the center-of-momentum
frame (of the (sub)system for which spins and orbital angular momenta
should be added)2. The construction of the 4-momentum operator that sat-
isfies the Poincare´ algebra is not trivial and one needs to be particularly
careful when one attempts to relate the momenta of the individual particles
to the total momentum of the system.
The problem of including interaction terms in the 4-momentum concerns
the commutators (2.1) and (2.2) of the Poincare´ algebra. The latter is sat-
isfied provided that Pˆµ transforms like a 4-vector. Satisfying (2.1) involves
2 The relativistic addition of spin and orbital angular momentum away from the center-
of-momentum frame amounts to the construction of the Clebsch-Gordan coefficients of the
Poincare´ group, which are different for every form. We will refer to the Clebsch-Gordan
coefficients of the Poincare´ group at the end of this work, where an example of application
to chiral multiplets will be shown in Chap. 9.
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quadratic conditions in the interaction terms. Dirac posed the latter prob-
lem as the real difficulty in constructing a relativistic dynamical theory in
the point form [1]. The requirements for Poincare´ invariance in this form
can be summarized in the so-called point-form equations [13]:
[Pˆµ, Pˆ ν ] = 0, (2.5)
UˆΛPˆ
µUˆ †Λ =
(
Λ−1
)µ
ν
Pˆ ν , (2.6)
where UˆΛ is the unitary operator representing the Lorentz transformation Λ
on the Hilbert space. Any representation of the Poincare´ group formulated
in the point form must satisfy the last two conditions.
In quantum field theory the derivation of the Poincare´ generators is given
by integration of the Noether’s currents associated with the Poincare´ group
over the respective quantization surfaces that determine the interaction de-
pendence in the Poincare´ generators. In the point form the interactions
enter the 4-momentum operator Pˆµ when one integrates over the hyper-
boloid xµx
µ = τ2 [12].
The problem of constructing a Poincare´ invariant quantum theory for a
restricted number of particles is specially involved because of the (in general)
non-linear constraints imposed by the Poincare´ algebra on the interaction
terms. A consistent method to construct the Poincare´ generators that guar-
antees Poincare´ invariance is the Bakamjian-Thomas construction [3, 14].
It requires only linear conditions for the interactions. We will briefly sum-
marize the procedure for the point form. A more detailed description of
the Bakamjian-Thomas construction that includes also the procedure in the
other forms can be found in Ref. [3].
2.3.1 The Bakamjian-Thomas construction
The Bakamjian-Thomas construction is a four-step construction that allows
for the Poncare´-invariant addition of interactions. We briefly summarize
these steps in its point-form version.
The first step is common to every form and is given by the construction
of the generators of the Poincare´ algebra for a free many-particle system by
means of the Poincare´ generators for a free particle. The Hilbert space for
a free many-particle system is given by the tensor product of single-particle
Hilbert spaces. For a system of two particles, 1 and 2, the representation of
the Poincare´ generators on the tensor-product Hilbert space is given by:
Pˆµfree := Pˆ
µ
1 ⊗ 12 + 11 ⊗ Pˆµ2 , (2.7)
Jˆµνfree := Jˆ
µν
1 ⊗ 12 + 11 ⊗ Jˆµν2 . (2.8)
The second step is the construction of a convenient set of auxiliary operators
from the free generators, one of them being the mass operator. In the point
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form, from the set of free generators {Pˆµfree, Jˆµνfree}, one may construct mass
and velocity operators defined as follows:
Mˆfree :=
√
PˆµfreePˆ
free
µ , (2.9)
Vˆ µfree :=
Pˆµfree
Mˆfree
. (2.10)
The auxiliary set of operators in the point form is then {Mˆfree, ~ˆVfree, Jˆµνfree}.
The mass operator Mˆfree is the square root of a Casimir operator for the
Poincare´ group and therefore commutes with all the generators or functions
of them.
In the third step the interactions are included into the mass operator
in the form of a potential that we call Mˆint, giving an interacting mass
operator:
Mˆ := Mˆfree + Mˆint. (2.11)
The condition to satisfy the point-form equations (2.5) is that the in-
teraction term Mˆint must be a Lorentz scalar that commutes with the free
velocity operator,
[Mˆint, Vˆ
µ
free] = 0. (2.12)
This ensures that the interaction dependent mass operator Mˆ still commutes
with the other operators of the auxiliary set.
The fourth and final step requires the reconstruction of the original set of
generators from the set of auxiliary operators in which the free mass operator
Mˆfree is replaced by the interacting one, Mˆ . The new set of generators for
interacting particles satisfies the Poincare´ algebra. In the point form the only
generators that contain interactions are the components of the 4-momentum.
The (interacting) 4-momentum operator reads:
Pˆµ = Pˆµfree + Pˆ
µ
int =
(
Mˆfree + Mˆint
)
Vˆ µfree. (2.13)
Note that the definition of a free velocity operator in terms of a mass op-
erator is only feasible in the point form, since the requirement that the
3-momentum operator remains interaction independent in the instant or in
the front forms would imply interactions in the velocity. The possibility of
defining a free 4-velocity in the point form suggests to utilize a particular
basis to define multiparticle states. This leads to the introduction of the
so-called velocity states [15].
The Bakamjian-Thomas construction ensures the relativistic invariant
treatment of a finite number of interacting particles. It is known, however,
that the Bakamjian-Thomas construction causes problems with cluster sepa-
rability [3]. The latter is related to the difficulty to treat properly separated
12 CHAPTER 2. THE POINT FORM OF DYNAMICS
subsystems such that their dynamics decouples for large space-like separa-
tions [3, 48]. We will refer to this problem later, since it will appear along
the next chapters.
2.3.2 Velocity states
Velocity states were introduced by Klink for the purpose of coupling multi-
particle relativistic states simultaneously [15] . They have the property that
internal variables such as spin and orbital angular momenta of relativistic
multiparticle systems can be coupled together as is done in nonrelativistic
quantum mechanics.
An n-particle velocity state |v;~k1, µ1;~k2, µ2; ...;~kn, µn〉 is defined through
an overall velocity v and n individual momenta and spin projections {~ki, µi},
such that
∑n
i=1
~ki = 0. By construction one of the individual 3-momenta
~k′is is redundant. A velocity state represents an n-particle system in the
rest frame that is boosted to a frame with a total 4-velocity v (vµvµ = 1)
by means of a canonical boost Bc(v) (cf. App. A.1.1):
|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉 := UˆBc(v) |~k1, µ1;~k2, µ2; . . . ;~kn, µn〉. (2.14)
They satisfy the orthogonality and completeness relations:
〈v′;~k′1, µ′1;~k′2, µ′2; . . . ;~k′n, µ′n| v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉
= v0 δ
3(~v′ − ~v) (2π)
32ωkn
(
∑n
i=1 ωki)
3
(
n−1∏
i=1
(2π)32ωkiδ
3(~k′i − ~ki)
)(
n∏
i=1
δµ′iµi
)
(2.15)
and
11,...,n =
j1∑
µ1=−j1
· · ·
jn∑
µn=−jn
∫
d3v
(2π)3v0
[
n−1∏
i=1
d3ki
(2π)32ωki
]
(
∑n
i=1 ωki)
3
2ωkn
×|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉〈v;~k1, µ1;~k2, µ2; . . . ;~kn, µn| ,
(2.16)
with mi, ωki :=
√
m2i +
~k2i , and ji, being the mass, the energy, and the spin
of the ith particle, respectively.
Velocity states transform under Lorentz transformations Λ as
UˆΛ|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉
=
∑
µ′1,µ
′
2,...,µ
′
n
{
n∏
i=1
Dji
µ′iµi
[RW(v,Λ)]
}
×|Λv;−−−−−−−→RW(v,Λ)k1, µ′1;
−−−−−−−→
RW(v,Λ)k2, µ
′
2; . . . ;
−−−−−−−→
RW(v,Λ)kn, µ
′
n〉 ,
(2.17)
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with the Wigner-rotation matrix
RW(v,Λ) = B
−1
c (Λv)ΛBc(v) . (2.18)
Using velocity states rather than the usual tensor-product states allows to
perform the addition of angular momentum in the same way as in nonrel-
ativistic quantum mechanics, since all individual particle states transform
with the same Wigner rotation. In a velocity-state basis, the Bakamjian-
Thomas type 4-momentum operator, Eq. (2.13), is diagonal in the 4-velocity
v, which can be factored out as a velocity-conserving delta function, allowing
to separate it from the internal motion in such a way that one can concen-
trate on studying the mass operator Mˆ which is a function of the internal
variables only.
Note that the momenta kµi do not transform like 4-vectors under Lorentz
transformations. The effect of a Lorentz transformation on such momenta
is a Wigner rotation (see Eq. (2.17)). The relation between single particle
and internal particle momenta is given by a canonical boost pi = Bc(v)ki.
The pi transform like 4-vectors [19, 20].
Velocity states are eigenstates of the operators Mˆ :=
√
Pˆ 2, Vˆ µ := Pˆ
µ
Mˆ
and also kˆµi . Their eigenvalues are given by
Mˆ |v,~k1, µ1;~k2, µ2; ...;~kn, µn〉 =
n∑
i=1
ωki |v,~k1, µ1;~k2, µ2; ...;~kn, µn〉 (2.19)
Vˆ µ|v,~k1, µ1;~k2, µ2; ...;~kn, µn〉 = vµ|v,~k1, µ1;~k2, µ2; ...;~kn, µn〉 (2.20)
=
∑n
i=1 p
µ
i∑n
i=1 ωki
|v,~k1, µ1;~k2, µ2; ...;~kn, µn〉.
2.3.3 Mass operators from interaction Lagrangians
The creation and annihilation of particles is introduced in this framework
by means of vertex operators Kˆ that are specified by the velocity state
representation and an appropriate relation to the pertinent field-theoretical
interaction-Lagrangian density Lˆint. Due to velocity conservation that fol-
lows from the point-form version of the Bakamjian-Thomas construction,
one is led to define matrix elements of Kˆ by [13, 16]:
〈v,~k1, µ1; ...;~kn+1, µn+1|Kˆ†|v,~k1, µ1;~k2, µ2; ...;~kn, µn〉
= 〈v,~k1, µ1;~k2, µ2; ...;~kn, µn|Kˆ|v,~k1, µ1; ...;~kn+1, µn+1〉∗
= Nn+1,nv0δ3(~v − ~v′)
×〈v,~k1, µ1; ...;~kn+1, µn+1|Lˆint(0)f(∆m)|v,~k1, µ1;~k2, µ2; ...;~kn, µn〉,
(2.21)
where Nn+1,n = (2π)3/
√
M′n+1M′n, M′n =
∑k
i=1 ωi and f(∆m =M′n+1 −
M′n) denotes a vertex form factor that can be introduced in order to account
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for (part of) the neglected off-diagonal velocity contributions and to regulate
integrals.
In the following all this concepts will be used and explained in more
detail for particular cases.
Chapter 3
Coupled-channel approach
The Bakamjian-Thomas approach permits a Poincare´ invariant formulation
of reactions that involve particle production. In order to describe particle-
exchange interactions in such a way that retardation effects are fully taken
into account we use a multichannel framework that allows for the creation
and annihilation of a finite number of additional particles.
We will start with the simplest case, namely the two-channels problem.
We illustrate the generic mass eigenvalue problem for an N -particle channel
coupled to an (N + 1)-particle channel. The eigenvalue problem reads:(
MˆN Kˆ
Kˆ† MˆN+1
)( |ψN 〉
|ψN+1〉
)
= m
( |ψN 〉
|ψN+1〉
)
. (3.1)
The diagonal elements represent the invariant masses of the uncoupled N -
and (N + 1)-particle systems and consist of their kinetic energies. In ad-
dition, the mass operators MˆN and MˆN+1 may also contain instantaneous
interactions between the particles. The non-diagonal elements, i.e. Kˆ† and
Kˆ, are vertex operators that account for the creation and annihilation of
the (N +1)st particle, respectively. They provide the coupling between the
two channels.
Applying a Feshbach reduction to the system of equations (3.1), the
second channel is eliminated in favor of the first channel
m|ψN 〉 =
(
MˆN + Kˆ(m− MˆN+1)−1Kˆ†
)
|ψN 〉 =:
(
MˆN + Vˆopt(m)
)
|ψN 〉.
(3.2)
This leads to the optical potential that describes a one-particle-exchange
process. In order to compute matrix elements of the optical potential, which
we need to obtain transition amplitudes, from which currents and form
factors can be extracted, it is necessary to insert the completeness relations
(2.16) of the eigenstates of the mass operators for theN - and (N+1)-particle
systems:
〈v′;~k′N , µ′N ; ...;~k
′
1;µ
′
1
|1NKˆ(m− MˆN+1)−11N+1Kˆ†1N |v;~kN , µN ; ...;~k1;µ1〉.
(3.3)
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The optical potential Vˆopt(m) describes all possible time-orderings for the
particle exchange of the (N+1)st particle between the N particles, including
loop contributions, i.e. emission and absorption by the same particle. The
propagation of the exchanged particle is represented by (m − MˆN+1)−1,
which accounts for retardation effects (see Fig.3.1).
(N+1)st
j−th
i−th
j−th
i−th
i−th
j−th
(N+1)st
(N+1)st
(N+1)st
i−th
Figure 3.1: All possible time-orderings for the exchange of the (N + 1)st
particle described by the optical potential (3.2).
Bare vertices of structureless particles are given in quantum field theories
by interaction Lagrangian densities that couple the fields. Such Lagrangian
densities are used to fix the interaction vertices defined by Kˆ and Kˆ† as
explained in Sec. 2.3.3. Unlike quantum-field theoretical vertices, Kˆ and
Kˆ†, however, may also contain vertex form factors that account for a sub-
structure of the interacting particles. If the vertex form factors depend on
Lorentz invariants only, Poincare´ invariance will be preserved.
3.1 Electron-meson scattering
We start with the description of electron-meson scattering with the meson
being a quark-antiquark bound state. We will extract the electromagnetic
current from the invariant one-photon exchange amplitude. To describe
the process using the coupled-channel approach explained above we have to
consider a Hilbert space that is the direct sum of the eQq¯ and eQq¯γ Hilbert
spaces.1 The mass eigenvalue equation has the form
(
Mˆ confeQq¯ Kˆγ
Kˆ†γ Mˆ confeQq¯γ
)( |ψeQq¯〉
|ψeQq¯γ〉
)
= m
( |ψeQq¯〉
|ψeQq¯γ〉
)
. (3.4)
Kˆ†γ and Kˆ
†
γ are the vertex operators that account for the emission and
absorption of the photon by the (anti)quark or by the electron. The confining
forces between the mesonic constituents are included in the diagonal of the
1In view of the fact that we will be interested in heavy-light mesons we allow the quark
and the anti-quark to have different masses. Without loss of generality we assume the
quark to be the heavier particle which is indicated by a capital “Q” (in contrast to the
lower case “q¯”).
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matrix mass operator, i.e.
Mˆ confeQq¯ := MˆeQq¯ + Vˆ
(3)
conf,
Mˆ confeQq¯γ := MˆeQq¯γ + Vˆ
(4)
conf, (3.5)
where Vˆ
(3)
conf and Vˆ
(4)
conf denote the embedding of the confining Qq¯-potential
into the 3- and 4-particle Hilbert spaces [3]. It is now convenient to introduce
(velocity) eigenstates of Mˆ confeQq¯ and Mˆ
conf
eQq¯γ (cf. Sec. 2.3.2):
Mˆ confeQq¯ | v;~ke, µe;~kα, µα, α〉 = (ωke + ωkα)| v;~ke, µe;~kα, µα, α〉, (3.6)
Mˆ confeQq¯γ | v;~ke, µe;~kγ , µγ ;~kα, µα, α〉
= (ωke + ωkγ + ωkα)| v;~ke, µe;~kγ , µγ ;~kα, µα, α〉. (3.7)
µ
α
denotes the spin projection of the confined Qq¯ bound state, α denotes the
remaining discrete quantum numbers that specify it uniquely. The energy
of the Qq¯ bound state with quantum numbers α and mass mα is given by
ωkα := (m
2
α +
~k
2
α)
1/2. Underlined velocities, momenta and spin projections
refer to states with a confined qq¯ pair. They have to be distinguished from
eigenstates of the free mass operators MˆeQq¯, MˆeQq¯γ :
MˆeQq¯| v;~ke,µe;~kQ, µQ;~kq¯, µq¯〉 = (ωke + ωkQ + ωkq¯)| v;~ke, µe;~kQ, µQ;~kq¯, µq¯〉,
(3.8)
MˆeQq¯γ | v;~ke,µe;~kQ, µQ;~kq¯, µq¯;~kγ , µγ〉
= (ωke + ωkQ + ωkq¯ + ωγ)| v;~ke, µe;~kQ, µQ;~kq¯, µq¯;~kγ , µγ〉.
(3.9)
The invariant amplitude for the one-photon exchange is obtained by cal-
culating appropriate matrix elements of the optical potential. The optical
potential can be read off from the Feshbach-reduced mass eigenvalue prob-
lem: 
Mˆ confeQq¯ + Kˆγ(m− Mˆ confeQq¯γ)−1Kˆ†γ︸ ︷︷ ︸
Vˆopt(m)

 |ψeQq¯〉 = m|ψeQq¯〉. (3.10)
The required matrix elements are obtained by inserting appropriate com-
pleteness relations between operators (cf. Eq. (2.16))
〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α| Vˆopt(m)| v;~ke, µe;~kα, µα, α〉os
= 〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α|1eQq¯ Kˆγ1eQq¯γ
(
Mˆ confeQq¯γ−m
)−1
×1confeQq¯γ1eQq¯γ Kˆ†γ1eQq¯ | v;~ke, µe;~kα, µα, α〉os .
(3.11)
18 CHAPTER 3. COUPLED-CHANNEL APPROACH
“os” means on-shell, this ism = ωke+ωkα = ωk′e+ωk′α , ωke = ωk′e and ωkα =
ωk′α . The matrix elements to be evaluated include wave functions of the con-
fined Qq¯ and a free electron (and photon), i. e. 〈v;~ke, µe;~kQ, µQ;~kq¯, µq¯| v;~ke,
µ
e
;~kα, µα, α〉, 〈v;~ke, µe;~kQ, µQ;~kq¯, µq¯;~kγ , µγ | v;~ke, µe;~kα, µα, α;~kγ , µγ〉; and
the transition from a free Qq¯e state to a free Qq¯eγ state by emission (absorp-
tion) of a photon, 〈v′;~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ | Kˆ† |v ;~ke,µe;~kQ,µQ;~kq¯,µq¯〉.
The latter are related to the interaction Lagrangian density of quantum
electrodynamics Lemint(x) [16]:
〈v′;~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ | Kˆ†γ |v ;~ke,µe;~kQ,µQ;~kq¯,µq¯〉
= Nv0δ
3(~v′ − ~v) 〈~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ |Lˆemint(0) |~ke,µe;~kQ,µQ;~kq¯,µq¯〉 .
(3.12)
N is a uniquely determined normalization factor. Explicit analytical ex-
pressions for these matrix elements are given in App. B. Inserting all these
matrix elements into Eq. (3.11) shows that the on-shell matrix elements of
the optical potential have the structure that one expects from the invariant
one-photon-exchange amplitude, i.e. it is proportional to the contraction of
the electron and hadron currents, jµe and J˜ν[α] times the covariant photon
propagator (−gµν/Q2)
〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α| Vˆopt(m)| v;~ke, µe;~kα, µ′α, α〉os
= v0δ
3(~v ′ − ~v ) (2π)
3√
(ωk′e + ωk
′
α
)3
√
(ωke + ωkα)
3
(3.13)
×(−e2) u¯µ′
e
(~k
′
e)γ
µuµ
e
(~ke)︸ ︷︷ ︸
jµe (~k
′
e,µ
′
e
;~ke,µe)
(−gµν)
Q2
(QQJνQ(. . . ) +Qq¯Jνq¯ (. . . ))︸ ︷︷ ︸
J˜ν
[α]
(~k
′
α,µ
′
α
;~kα,µα)
.
where Q2 = −q
µ
qµ is the (negative) square of the space-like 4-momentum-
transfer2 qµ = (kα − k′α)µ = (k′e − ke)µ, and QQ(q¯) is the charge of the
(anti)quark (in terms of multiples o the electron charge). The 4-time-ordered
contributions to Vˆopt(m) are sketched in Fig. 3.2.
In order to identify the hadronic current and to ensure that it has the
correct normalization, the procedure of Refs. [19, 20] is followed, where the
one-photon-exchange amplitude is compared with the analogous amplitude
one obtains when the meson is considered as a point-like particle with the
discrete quantum numbers α. Because the point-like current is known, the
kinematical factor can be uniquely identified. The hadronic current is a
sum of terms, JνQ and J
ν
q¯ , which correspond to the coupling of the photon
to the quark and to the antiquark, respectively. For a pseudoscalar meson,
2It should not be confused with the index Q in italics denoting the heavy quark.
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µ
α
= µ′
α
= 0, the Qq¯ bound-state has to be such that the current takes on
the form
JνQ(
~k
′
α,
~kα) =
√ωkαωk′α
4π
∫
d3k˜′q¯
2ωkQ
√
ωkQ + ωkq¯
ωk′
Q
+ ωk′q¯
√√√√ωk˜′Q + ωk˜′q¯
ωk˜Q + ωk˜q¯
√
ωk˜Qωk˜q¯
ωk˜′
Q
ωk˜′q¯
×
{ ∑
µQ,µ′Q=± 12
u¯µ′
Q
(~k′Q) γ
ν uµQ(
~kQ)
×D1/2µQµ′Q
[
RW
(
k˜Q
mQ
, Bc(vQq¯)
)
R−1W
(
k˜q¯
mq¯
, Bc(vQq¯)
)
×RW
(
k˜′¯q
mq¯
, Bc(v
′
Qq¯)
)
R−1W
(
k˜′Q
mQ
, Bc(v
′
Qq¯)
)]}
×ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) . (3.14)
The tilde variables refer to the Qq¯ center-of-momentum frame. The anal-
ogous expression for Jνq¯ can be obtained by interchanging Q and q¯ in Eq.
(3.14). In the electromagnetic hadron currents one can distinguish sev-
eral parts, which are present in all currents obtained through this method,
namely
• the overlap of the initial and final meson wave function, which are
written in terms of
~˜
kq¯,
~˜
k′¯q, i.e. the incoming and outgoing spectator
momenta in the Qq¯ center-of-momentum frame,
• the quark current times a spin rotation factor caused by boosting from
the incoming to the outgoing meson states,
• kinematical factors that come from the Lorentz transformations and
guarantee the correct normalization of the current.
The (radial) s-wave bound state function ψ(κ) is normalized according
to ∫ ∞
0
dκκ2 ψ∗(κ)ψ(κ) = 1 . (3.15)
The angular part resides in the factor 1/4π in front of the integral. The
electromagnetic hadron current extracted from Eq. (3.13) has the form of a
spectator current. Here, however, the spectator condition is not imposed, it
comes rather from the matrix elements of the interaction Lagrangian density
through which the vertex operators are defined.
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Figure 3.2: The 4 time orderings of photon exchange contributing to the
optical potential (3.11). The two graphs in the first row contribute to JνQ,
the other two graphs to Jνq¯ .
The spectator momenta
~˜
kq¯ and
~˜
k′¯q are related by canonical boosts (cf.
App. A.1.1):
k˜q¯ = B
−1
c (vQq¯) kq¯ = B
−1
c (vQq¯) k
′
q¯
= B−1c (vQq¯)Bc(v
′
Qq¯)k˜
′
q¯ . (3.16)
Schematically the relationships of the required constituent momenta are
given by (Q active, q¯ spectator):
INT
↓
~˜
kQ → ~kQ −→ ~kQ + ~q → ~˜k′Q
Bc(vQq¯) B
−1
c (v
′
Qq¯)
~˜kq¯ → ~kq¯ −→ ~kq¯ → ~˜k′q¯
It is also useful to note that
~˜
kQ = −~˜kq¯.
3.2 Weak decays
We will use the same procedure to extract weak meson transition currents
from the invariant amplitudes for semileptonic meson decays. We will illus-
trate it for the particular case of the B¯0 → D(∗)+eν¯e decay. The coupled-
channel mass operator differs from the electromagnetic case in the number
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of particles in the initial, final as well as intermediate states. The matrix
mass operator to be considered requires at least four channels

Mˆ conf
bd¯
0 Kˆcd¯W→bd¯ Kˆbd¯Weν¯e→bd¯
0 Mˆ conf
cd¯eν¯e
Kˆcd¯W→cd¯eν¯e Kˆbd¯Weν¯e→cd¯eν¯e
Kˆ†
cd¯W→bd¯ Kˆ
†
cd¯W→cd¯eν¯e Mˆ
conf
cd¯W
0
Kˆ†
bd¯Weν¯e→bd¯ Kˆ
†
bd¯Weν¯e→cd¯eν¯e 0 Mˆ
conf
bd¯Weν¯e

 . (3.17)
Applying a Feshbach reduction to eliminate the W -boson channels one ob-
tains the transition potential
Vˆ bd¯→cd¯eν¯eopt (m) = Kˆcd¯W→cd¯eν¯e(m−M confcd¯W )−1Kˆ†cd¯W→bd¯
+Kˆbd¯Weν¯e→cd¯eν¯e(m− Mˆ confbd¯Weν¯e)−1Kˆ
†
bd¯Weν¯e→bd¯ . (3.18)
Each term accounts for one time-ordered contribution of the W exchange.
The process is sketched in Fig. 3.3.
Figure 3.3: The two time-ordered contributions to the semileptonic weak
decay of a B¯0 into a D(∗)+ meson.
Denoting again the discrete quantum numbers of the confined systems
B and D(∗) by α and α′ the invariant decay amplitude becomes
〈v′;~k′e, µ′e;~k
′
ν¯e ;
~k
′
α′ , µ
′
α′
, α′|Vˆ bd¯→cd¯eν¯eopt (m)|~kα, µα, α〉os
= 〈v′;~k′e, µ′e;~k
′
ν¯e ;
~k
′
α′ , µ
′
α′
, α′|1eν¯ecd¯Kˆcd¯W→cd¯eν¯e(m−M confcd¯W )−11Wcd¯Kˆ†cd¯W→bd¯1bd¯
+Kˆbd¯Weν¯e→cd¯eν¯e(m− Mˆ confbd¯Weν¯e)−11bd¯W ν¯eKˆ
†
bd¯Weν¯e→bd¯1bd¯|~kα, µα, α〉os ,
(3.19)
where “on-shell” (“os”) means m = mB = ωkα = ωk′α + ωk′e + ωk′ν¯e
. It is
necessary again to introduce completeness relations between the operators
that form the optical potential in order to calculate the matrix elements in
Eq. (3.19). Thereby we obtain again the corresponding expressions for the
wave functions and matrix elements of the interaction vertices. In the case
of weak decays the latter are determined by the weak interaction density
Lwkint(x).
Proceeding in the same way in the calculation of matrix elements and
wave functions as in the electromagnetic case (explicit expressions are given
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in App. B) one obtains for the on-shell matrix elements of Vˆ bd¯→cd¯eν¯eopt (m)
the same structure as for the invariant B → D(∗)eν¯e decay amplitude that
results from leading-order covariant perturbation theory3:
〈v′;~k′e, µ′e;~k
′
ν¯e ;
~k
′
α′ , µ
′
α′
, α′|Vˆ bd¯→cd¯eν¯eopt (m)|~kα, µα, α〉os
= v0δ
3(~v ′ − ~v ) (2π)
3√
(ωk′e + ωk′ν¯e
+ ωk′
α′
)3
√
ω3
kα
× e
2
2 sin2 ϑw
Vcb
1
2
u¯µ′
e
(~k
′
e)γ
µ(1− γ5)vµ′
ν¯e
(~k
′
ν¯e)︸ ︷︷ ︸
jµν¯e→e(
~k
′
e,µ
′
e
;~k
′
ν¯e
,µ′
ν¯e
)
× (−gµν)
(k′e + k
′
ν¯e)
2 −m2W
1
2
Jνα→α′(~k
′
α′ , µ
′
α′
;~kα, µα) . (3.20)
Here ϑw denotes the electroweak mixing angle and e the usual elementary
electric charge and Vcb is the Cabibbo-Kobayashi-Maskawa matrix element
occurring at the Wbc-vertex.
Pseudoscalar-to-pseudoscalar transitions
If α and α′ are the quantum numbers of B and D mesons, respectively, the
weak transition current turns out to have the form
JνB→D(~k
′
D;
~kB = ~0) =
√ωkBωk′D
4π
∫
d3k˜′q¯
2ωkb
√√√√ωk˜′c + ωk˜′q¯
ωk′c + ωk′q¯
√
ωk˜bωk˜q¯
ωk˜′c
ωk˜′q¯
×
{ ∑
µb,µ′c=± 12
u¯µ′c(
~k′c) γ
ν (1− γ5)uµb(~kb)
×D1/2µbµ′c
[
RW
(
k˜′q¯
mq¯
, Bc(v
′
cq¯)
)
R−1W
(
k˜′c
mc
, Bc(v
′
cq¯)
)]}
×ψ∗D (|~˜k′q¯|)ψB (|~˜kq¯|) . (3.21)
The structure of the current is, of course, very similar to the electromagnetic
case. Here the point-like current is the one that comes from theWbc-vertex.
ψB as well as ψD (and in the following ψD∗) are normalized like in Eq. (3.15).
The expression is simpler than in the electromagnetic case, since the initial
state is at rest and therefore ~˜kq¯ = ~kq¯ = −~kb = −~˜kb. There are no relativistic
spin-rotation effects on the initial state and the Wigner D-functions refer
only to the final cq¯ state.
3The covariant structure is a little more difficult to obtain than in the electromagnetic
case. The explicit calculation is given in App. B.2.
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Pseudoscalar-to-vector transitions
In the transition where the spin of the meson also changes, i.e. B → D∗eν¯e,
one has to take into account the corresponding Clebsch-Gordan coefficients
that couple the quarks to the spin-1 D∗ meson. This affects the current such
that it differs from the previous one in the way how the Wigner rotations
act on the spin components. In this case there are independent rotations
that act on each of the constituents:
JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB = ~0) =
√
ωkBωk′D∗
4π
∫
d3k˜′¯q
2ωkb
√√√√ωk˜′c + ωk˜′q¯
ωk′c + ωk′q¯
√
ωk˜bωk˜q¯
ωk˜′c
ωk˜′q¯
×
{ ∑
µb,µ′c,µ˜
′
c,µ˜
′
q¯=± 12
u¯µ′c(
~k′c) γ
ν (1− γ5)uµb(~kb)
×
√
2(−1) 12−µbC1µ
′
D∗
1
2
µ˜′c
1
2
µ˜′q¯
D
1/2
µ˜′cµ
′
c
[
R−1W
(
k˜′c
mc
, Bc(v
′
cq¯)
)]
×D1/2
µ˜′q¯−µb
[
R−1W
(
k˜′q¯
mq¯
, B−1c (v
′
cq¯)
)]}
ψ∗D∗ (|~˜k′q¯|)ψB (|~˜kq¯|) .
(3.22)
3.3 Dynamical exchange potential
We have seen that the number of channels to be considered depends on the
kind of process one is interested in. Up till now we have only considered
the electroweak structure of qq¯-bound states that were generated by instan-
taneous confining forces. In the following we will also be interested in the
electroweak structure of bound states that are caused by dynamical par-
ticle exchange. Treating explicitly the dynamics of the exchange particles
that are responsible for the binding requires the introduction of additional
channels in the mass operator. In Chap. 8 we will investigate the electro-
magnetic structure of the deuteron, considered as a neutron-proton bound
state caused by dynamical σ-meson exchange. The general mass eigenvalue
problem for electron-deuteron scattering in this case then needs 4-channels,


Mˆenp Kˆγ Kˆσ 0
Kˆ†γ Mˆenpγ 0 Kˆσ
Kˆ†σ 0 Mˆenpσ Kˆγ
0 Kˆ†σ Kˆ
†
γ Mˆenpγσ




|ψenp〉
|ψenpγ〉
|ψenpσ〉
|ψenpγσ〉

 = m


|ψenp〉
|ψenpγ〉
|ψenpσ〉
|ψenpγσ〉

 .
(3.23)
Additional relativistic effects become important when the retardation of the
meson exchange that binds the nucleons is comparable to the one of the
photon exchange. This leads to, so-called, exchange currents.

Chapter 4
Currents and form factors
We will dedicate this chapter to the study of the properties of the current
derived by means of the method explained above. The current is extracted
in each case from the invariant one-boson-exchange amplitude for electron-
meson scattering and weak semileptonic decays. No particular ansatz is
made for the current that imposes the desired properties that such a cur-
rent should have. It is therefore necessary to examine the properties of our
currents, in order to check that the procedure carried out makes sense. The
essential properties that the current should fulfill are: Lorentz covariance,
i.e. the current must transform like a 4-vector under Lorentz transforma-
tions; current conservation for electromagnetic scattering, i.e. ∂µJ˜
µ
[α] = 0;
and cluster separability or macrocausality. Cluster separability means in
this context that the hadron currents and the corresponding form factors
should depend on the hadron properties only, and not on the ones of the par-
ticle with which it interacts. Once one is able to understand the properties
of the hadron currents, it will be possible to provide consistent analytical
expressions for the form factors, as deduced from them.
4.1 Electromagnetic form factors
4.1.1 Pseudoscalar bound states
Covariance and current conservation
We first check whether the current transforms like a 4-vector under Lorentz
transformations. If one looks at the current (3.14) and applies a Lorentz
transformation Λ it turns out that J˜ν[α](
~k
′
α;
~kα) does not transform like a
4-vector. Instead, the current transforms by the Wigner rotation RW (v,Λ),
where v is the overall 4-velocity of the electron-meson system [19]. This is
due to the fact that J˜ν[α](
~k
′
α;
~kα) is computed using velocity states, which do
not transform like 4-vectors under Lorentz transformations, they transform
by a Wigner rotation instead (cf. Sec. 2.3.2). Going back to the physical
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meson momenta p(
′)
α
= Bc(v)k
(′)
α , which do transform like 4-vectors, one
finds that the current has the desired transformation properties:
J˜ν[α](~p
′
α
;~p
α
) := [Bc(v)]
ν
ρJ˜
ρ
[α](
~k
′
α;
~kα) . (4.1)
J˜ν[α](~p
′
α
;~p
α
) transforms like a 4-vector and is a conserved current, i.e. (p
α
−
p′
α
)ν J˜
ν
[α](~p
′
α
;~p
α
) = 0. A more detailed discussion of transformation proper-
ties and current conservation can be found in Refs. [19, 20].
Cluster separability
The next task is to investigate if the current satisfies the desired cluster
separability properties. For a pseudoscalar meson, one expects a current of
the form
Jν[α](~p
′
α
;~p
α
) = (p
α
+ p′
α
)ν F (Q2). (4.2)
It is known, however, that the Bakamjian-Thomas construction leads to
problems with cluster separability. Basis states which are appropriate to
represent Bakamjian-Thomas type mass operators (like our velocity states)
use variables to represent relative momenta which do not have a physical
interpretation in the presence of interactions [3]. As a consequence, problems
with macroscopic locality appear. A manifestation of such problems is that
our microscopic current contains non-physical contributions. It cannot be
expressed in terms of hadronic covariants only, but one needs an additional
covariant associated with the electron four-momenta [13, 20]:
J˜ν[α](~p
′
α
;~p
α
) = (p
α
+ p′
α
)ν f(Q2, s) + (p
e
+ p′
e
)ν g(Q2, s) . (4.3)
The impossibility of decomposing the current as in Eq. (4.2) shows up when
one tries to extract the form factor from the different non-vanishing compo-
nents of the current, since it turns out that this cannot be done unambigu-
ously. Furthermore, the form factors associated with the covariants depend
not only on the 4-momentum transfer squared (Mandelstam t), but also on
the Mandelstam s = (p
e
+ p
α
)2, i.e. the square of the invariant mass of the
electron-meson system.
The necessity of non-physical covariants and corresponding form factors
resembles the occurrence of analogous contributions within the covariant
light-front formulation of Carbonell et al. [21]. In the covariant light-front
approach the unphysical covariants contain a 4-vector ωµ, which specifies the
orientation of the light front and which has to be introduced to render the
front-form approach manifestly covariant. In the present case, the problem
is related to cluster separability violation caused by the Bakamjian-Thomas
construction.
For a better understanding of these unphysical features we have under-
taken a numerical study. Since the form factors are functions of Lorentz
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invariants we are free to choose the frame in which they are extracted.
Without loss of generality we choose a center-of-momentum frame in which
~v = ~0, i.e. ~p(′)
α
= ~k
(′)
α , and
~kα = −~ke =

 −
Q
2
0√
κ2α − Q
2
4

 and ~q =

 −Q0
0

 , (4.4)
where κα := |~kα| = |~k
′
α|. In this parametrization the modulus of the relative
momentum is subject to the constraint that κ2α ≥ Q2/4, which means that
s ≥ m2α +m2e +Q2/2 + 2
√
m2α +Q
2/4
√
m2e +Q
2/4.
The only non-vanishing components of the current within this kinematics
are J˜0[α] and J˜
3
[α] from which the form factors f(Q
2, s) and g(Q2, s) can be
extracted by inserting the microscopic expression (cf. Eqs. (3.13) and (3.14))
for J˜ν[α] on the left-hand side of Eq. (4.3):
f(Q2, s) =
1(
1 +
√
κ2α+m
2
α√
κ2α+m
2
e
)

 J˜0[α](pα, p′α)
2
√
κ2α +m
2
e
+
J˜3[α](pα, p
′
α
)
2
√
κ2α − Q
2
4

 , (4.5)
g(Q2, s) =
1(
1 +
√
κ2α+m
2
e√
κ2α+m
2
α
)

 J˜0[α](pα, p′α)
2
√
κ2α +m
2
α
−
J˜3[α](pα, p
′
α
)
2
√
κ2α − Q
2
4

 . (4.6)
For the bound state wave function, we use the simple harmonic-oscillator
form (6.1). For further comparison we take the oscillator parameter as
well as the constituent-quark masses to be the same as in Ref. [33] (see
also Table 6.1), where form factors of heavy-light mesons were calculated
within the front-form approach. The dependence of these form factors on
Mandelstam-s is plotted for the D+ and B− mesons in Figs. 4.1 and 4.2 for
different values of the momentum transfer Q2. For s→∞ the spurious form
factor vanishes and the s-dependence of the physical form factor disappears
with increasing s. It is therefore suggestive to take the s →∞ limit to get
rid of cluster-separability violating effects and obtain sensible results for the
physical form factors. Taking s → ∞ can be understood as extracting the
form factor in the infinite-momentum frame of the meson. It is equivalent
to taking κα →∞.
Similar calculations were done for mesons of equal constituent masses [19,
20]. For light-light systems the resulting analytical expression for the electro-
magnetic form factor of a pseudoscalar meson were proved to be equivalent
to the usual front-form result, obtained for a one-body current in the q+ = 0
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frame [19]. For heavy-light systems the situation becomes more intricate.
One can observe that the rate of convergence to the s→∞ limit decreases
with increasing the heavy-quark mass. In order to extract the Isgur-Wise
function one has to be cautious when taking the heavy-quark limitmQ →∞.
This matter will be discussed in detail in the next chapter.
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Figure 4.1: Mandelstam-s dependence of the physical and spurious D+ elec-
tromagnetic form factors f(Q2, s) and g(Q2, s), respectively, for different
values of Q2 (0 GeV2 solid, 0.1 GeV2 dashed, 1 GeV2 dotted) calculated
with the oscillator wave function (6.1), and (mass) parameters given in Ta-
ble 6.1.
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Figure 4.2: Mandelstam-s dependence of the physical and spurious B− elec-
tromagnetic form factors f(Q2, s) and g(Q2, s), respectively, for different
values of Q2 (0 GeV2 solid, 0.1 GeV2 dashed, 1 GeV2 dotted) calculated
with the oscillator wave function (6.1), and (mass) parameters given in Ta-
ble 6.1.
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4.1.2 Vector bound states
Hermiticity, covariance, current conservation, the angular condition and
other properties like cluster separability, were analyzed in detail in Ref. [20]
for spin-1 bound-state currents of two-body systems with equal constituent
masses within the point-form approach. We summarize in this section the
most important points, since they will be necessary to understand further
calculations for spin-1 bound states. In Chap. 8 we will use some elements
presented here for the study of electromagnetic properties of spin-1 bound
states that arise from dynamical particle-exchange forces.
Cluster separability
The covariant decomposition of our electromagnetic current becomes more
complicated if one deals with spin-1 bound states. It requires to consider all
possible covariants including those that depend on the electron momenta.
These are in total 11 covariants, with their associated form factors. The
form factors exhibit also a spurious dependence on Mandelstam-s. The
most general covariant decomposition of the current is given by:
J˜µ[α](
~kα, µα;
~k
′
α, µ
′
α
;Ke) =
=
[
f1(Q
2, s)(ǫ′∗ · ǫ) + f2(Q2, s)(ǫ
′∗ · q)(ǫ∗ · q)
2m2α
]
Kµα
+gM (Q
2, s)
[
ǫ′∗µ(ǫ · q)− ǫµ(ǫ′∗ · q)]
+
m2α
2Ke · kα
[
b1(Q
2, s)(ǫ′∗ · ǫ) + b2(Q2, s)(q · ǫ
′∗)(q · ǫ∗)
m2α
+b3(Q
2, s)m2α
(Ke · ǫ′∗)(Ke · ǫ∗)
(Ke · kα)2
+b4(Q
2, s)
(q · ǫ′∗)(Ke · ǫ)− (q · ǫ)(Ke · ǫ′∗)
2(Ke · kα)
]
Kµe
+
[
b5(Q
2, s)m2α
(Ke · ǫ′∗)(Ke · ǫ)
(Ke · kα)2
+b6(Q
2, s)
(q · ǫ′∗)(Ke · ǫ)− (q · ǫ)(Ke · ǫ′∗)
2Ke · kα
]
Kµα
+b7(Q
2, s)m2α
ǫ′∗µ(ǫ ·Ke) + ǫµ(ǫ′∗ ·Ke)
Ke · kα
+b8(Q
2, s)qµ
(q · ǫ′∗)(Ke · ǫ) + (q · ǫ)(Ke · ǫ′∗)
2Ke · kα
.
(4.7)
where the shorthand notations Ke(α) := ke(α) + k
′
e(α) and ǫ
(′) := ǫ(~k
(′)
α , µ
(′)
α
),
have been used, the latter being the polarization vectors of the incoming
4.1. ELECTROMAGNETIC FORM FACTORS 31
and outgoing spin-1 bound state (cf. App. A.1.2). Only 3 of the 11 form
factors have a physical meaning, namely f1, f2 and gM . For a detailed dis-
cussion about the elimination of these spurious contributions in the infinite-
momentum frame the reader may consult Ref. [20]. The numerical analysis
carried out in Ref. [20] (that uses the kinematics we have considered in
Eq. (4.4)) reveals that 4 of the 8 spurious contributions cannot be elim-
inated by simply taking s → ∞ as in the pseudoscalar case. The form
factors b5, b6, b7 and b8 do not vanish in the infinite-momentum frame
1.
These spurious contributions in the current are relatively small, but may
have important consequences on some properties of the current if they are
not treated properly.
Covariance, current conservation and angular condition
As in the pseudoscalar case, our microscopic expression for the electromag-
netic current of a spin-1 bound state transforms like a 4-vector under Lorentz
transformations if one goes back to the physical meson momenta by applying
a canonical boost p(′)
α
= Bc(v)k
(′)
α [20].
Because of the non-vanishing b7 and b8, the current (4.7) is not con-
served; and the b5 and b7 violate the so-called angular condition. Let us
abbreviate the notation by calling Bi(Q
2) := lims→∞ bi(Q2, s) and J
µ
µ′
α
µ
α
:=
J˜µ[α](
~kα, µα;
~k
′
α, µ
′
α
;Ke). Without spurious contributions the physical current
matrix elements should satisfy the angular condition:
(1 + 2η)J011 + J
0
1−1 − 2
√
2ηJ010 − J000 = 0, (4.8)
with η = Q
2
4m2α
. The studies carried out in [20] show that, due to the spurious
contributions, one gets:
(1 + 2η)J˜011 + J˜
0
1−1 − 2
√
2ηJ˜010 − J˜000 = −|e|
(
B5(Q
2)−B7(Q2)
)
. (4.9)
Nevertheless, it can be shown (for our kinematics) that there are 3 current
matrix elements which do no contain any spurious contributions in the limit
s → ∞. This matrix elements are J011, J01−1 and J211. They can be used to
extract the physical form factors without ambiguity [20]:
F1(Q
2) := lim
s→∞ f1(Q
2, κα) = − lim
s→∞
1
2κα
(
J011 + J
0
1−1
)
, (4.10)
F2(Q
2) := lim
s→∞ f2(Q
2, κα) = −1
η
lim
s→∞
1
2κα
J01−1, (4.11)
GM (Q
2) := lim
s→∞ gM (Q
2, κα) = − i
Q
J211. (4.12)
1Note that in the infinite-momentum frame the corresponding covariants to these non-
vanishing spurious form factors do not depend on the strength of the electron momenta,
but only on their orientations with respect to the polarization vector of the scattered
bound state.
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4.2 Decay form factors
An analogous study must be done for the weak current obtained from the
transition amplitude of radiative decays.
4.2.1 Pseudoscalar-to-pseudoscalar transitions
Covariance
As in the electromagnetic case, the pseudoscalar-to-pseudoscalar transition
current turns out to have the right transformation properties under Lorentz
transformations after applying the canonical boost Bc(v) that connects the
physical momenta with center-of-mass momenta,
JνB→D(~p
′
D
;~p
B
) := [Bc(v)]
ν
ρJ
ρ
B→D(~k
′
D;
~kB) . (4.13)
The way how to extract the form factors of weak transitions is analogous to
the electromagnetic case. The covariant decomposition of the weak current
for a pseudoscalar-to-pseudoscalar transition reads [49]
JνB→D(~p
′
D
;~p
B
) =
(
(p
B
+ p′
D
)ν − m
2
B −m2D
q2
qν
)
F1(q
2)+
m2B −m2D
q2
qνF0(q
2) ,
(4.14)
with the time-like 4-momentum transfer q = (p
B
− p
D
).
Cluster separability
When one inserts the current (3.21) into Eq. (4.14), and extracts of the form
factors F1 and F0 it turns out that the solution is unique. The form fac-
tors can be determined unambiguously from the components of the current
JνB→D, without the necessity of introducing additional spurious covariants.
The form factors do not depend on any other Lorentz invariant quantity
different from the 4-momentum transfer q2. Unlike in the electromagnetic
case, wrong cluster properties of the Bakamjian-Thomas construction do
not show up in the structure of the currents and the dependence of the form
factors on the available Lorentz invariants.
Since the decay current (4.13) transforms like a 4-vector we can analyze
it, without loss of generality, in the frame in which the decaying B-meson is
at rest (which corresponds to ~v = ~0). We parametrize the meson momenta
by:
kB =


mB
0
0
0

 and k′D =


√
m2D + κ
2
D
κD
0
0

 (4.15)
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with
κ2D =
1
4m2B
(m2B +m
2
D − q2)2 −m2D . (4.16)
κD := |~k′D| is constrained by the condition 0 ≤ κ2D ≤ (m2B −m2D)2/(4m2B),
since
0 ≤ q2 ≤ (mB −mD)2 . (4.17)
In order to understand the observation that the decay current JνB→D is not
spoiled by cluster separability problems whereas the electromagnetic current
J˜ν[α] was, let us note a few points:
• The spurious contributions to the electromagnetic current had their
origin in the fact that the calculation was carried out in the center-
of-momentum frame of the electron-meson system. Cluster problems
appear when different sets of subsystems cannot be isolated properly.
In a decay, there is no additional participant in the initial state of the
process which could modify the bound-state wave function. Only the
final state (electron-antineutrino-meson) might be affected by wrong
cluster problems.
• Like in the electromagnetic case, the current (3.21) has only two non-
vanishing components (for our chosen kinematics). But unlike in the
electromagnetic case, there are now two covariants and associated form
factors in the covariant decomposition (4.14) of the decay current;
these are (p
α
+ p′
α
) and (p
α
− p′
α
). In the case of electromagnetic the
latter is forbidden by current conservation.
• Form factors are frame independent quantities, therefore one should
be able to express them as functions of Lorentz invariant quantities
only. In the electromagnetic case the modulus of the three momentum
|~q| cannot be expressed as a function of the squared 4-momentum only,
i.e. Mandelstam t = q2, but one needs in addition Mandelstam s. The
modulus of the 3-momentum transfer in the weak decays is, on the
other hand, determined by q2 only.
4.2.2 Pseudoscalar-to-vector transitions
Covariance
The current (3.22) transforms also like a 4-vector after applying a canonical
boost that connects the physical momenta with the center-of-mass momenta,
as it happens in the pseudoscalar case. In this case, however, one needs an
additional Wigner D-function that is associated with the rotation of the
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D∗-meson spin:
JνB→D∗(~p
′
D∗
, σ′D∗ ;~pB) :=[Bc(v)]
ν
ρJ
ρ
B→D∗(~k
′
D∗ , µ
′
D∗
;~kB)
×D1∗µ′
D∗
σ′
D∗
[
R−1W
(
k′D∗/mD∗ , Bc(v)
)]
.
(4.18)
The most general covariant decomposition of the current is given by [49]
JνB→D∗(~p
′
D∗
, σ′D∗ ;~pB) =
2iǫνµρσ
mB +mD∗
ǫ∗µ(~p
′
D∗
, σ′D∗) p
′
D∗ρ
p
Bσ
V (q2)
− (mB +mD∗) ǫ∗ν(~p′D∗ , σ′D∗)A1(q2)
+
ǫ∗(~p′
D∗
, σ′D∗) · q
mB +mD∗
(p
B
+ p′
D∗
)ν A2(q
2)
+ 2mD∗
ǫ∗(~p′
D∗
, σ′D∗) · q
q2
qν A3(q
2)
− 2mD∗
ǫ∗(~p′
D∗
, σ′D∗) · q
q2
qν A0(q
2) , (4.19)
with ǫ∗(~p′
D∗
, σ′D∗) being the polarization 4-vector of the D
∗. It appears
boosted according to the kinematics used in Eq. (4.15), i.e. (cf. App. A.1.2)
ǫ(~k
′
D∗ ,±1) =
1√
2
(∓ κD∗
mD∗
,∓
√
1 + (
κD∗
mD∗
)2,−i, 0) ,
ǫ(~k
′
D∗ , 0) = (0, 0, 0, 1) . (4.20)
A3(q
2) is a linear combination of A1(q
2) and A2(q
2), namely A3(q
2) =
mB+mD∗
2mD∗
A1(q
2)− mB−mD∗2mD∗ A2(q
2).
Cluster separability
For the same reasons as in the pseudoscalar-to-pseudoscalar case, the current
does not exhibit cluster problems in the form of unphysical contributions to
the covariant decomposition, and the form factors can be extracted unam-
biguously from the independent components of the current. Let us introduce
the shorthand notation
Jν(µ′
D∗
) := JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB). (4.21)
The non-vanishing components of the current for the kinematics (4.15) are a
total of 10, namely J2(0), J3(0), Jµ(±1), µ = 0, 1, 2, 3. Taking into account
that Jµ(1) = −Jµ(−1), one is left with only 6 different matrix elements, 4
of them being independent. As one can see, A0 and A2 enter only J
0(1) and
J1(1). Thus, the set J2(0), J3(0), J0(1) and J1(1) can be used to extract
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all the P → V decay form factors. They can be also obtained by means of
appropriate projections:
V (q2) =
i(mB +mD∗)
2m2Bm
2
D∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1
×ǫµ(~k′D∗ , µ′D∗ = 0) k′D∗ρ kBσ
×ǫ µρσν JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB) , (4.22)
A0(q
2) =
1√
2mBmD∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1/2
×q
ν
JνB→D∗(~k
′
D∗ , µ
′
D∗
= 1;~kB) , (4.23)
A1(q
2) =
1
mB +mD∗
ǫν(~k
′
D∗ , µ
′
D∗
= 0)
×JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB) . (4.24)
and
A2(q
2) =
q2(mB +mD∗)
4m2Bm
2
D∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1
×
{√
2
mB

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1/2((p
B
+ p′
D∗
)− m
2
B −m2D∗
q2
q
)
ν
×JνB→D∗(~k
′
D∗ , µ
′
D∗
= 1;~kB)
−
[
1− m
2
B −m2D∗
q2
]
ǫν(~k
′
D∗ , µ
′
D∗
= 0)JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB)
}
.
(4.25)
Having checked the fundamental properties of the electromagnetic and
weak currents and knowing how to extract the corresponding form factors
unambiguously, we are now in the position to compute the form factors
for many different reactions and compare them with experimental data. For
simplicity, we will take the same wave function model, namely the harmonic-
oscillator wave function used for the numerical studies shown in Fig. 4.1. The
parameters are those given in Table 6.1, which allow also for comparisons
with front-form calculations. The discussion of the numerical results will be
presented in Chap. 7. The method admits, of course, a much wider range of
binding forces, namely all those which are compatible with the Bakamjian-
Thomas construction.

Chapter 5
Heavy-quark symmetry
The formalism presented as far provides a way of calculating electroweak
form factors of two-body bound states and it is general enough to allow for
different masses of the constituents, such that we are able to study heavy-
light mesons. A requirement for any approach that attempts to describe this
kind of systems is to be able to reflect the heavy-quark symmetry predictions
in the limit in which one of the constituent masses goes to infinity. The aim
of this chapter is to examine the features of our formalism that emerge in the
heavy-quark limit, mQ → ∞ (a precise definition of the limit will be given
in the next section). The heavy-quark limit provides additional symmetries
beyond QCD [9]. Hadrons containing a single heavy quark share physical
properties that make them simpler to describe. These properties are often
used to design constituent quark models that describe heavy-light systems.
The work presented here, by contrast, starts from the most general case
of systems of different constituent masses. It is the aim of this section to
study if the requirements of heavy-quark symmetry emerge if the mass of
the heavy quark goes to infinity.
When the mass of the heavy particle of a system is heavy enough (in
hadrons this means in practice mQ ≫ ΛQCD) the behavior of the light
quarks does not depend on the flavor of the heavy quark. Mathematically,
what one obtains is that matrix elements do not depend on the heavy quark
mass – flavor symmetry – or on the heavy quark spin – spin symmetry. The
heavy-quark limit eliminates the heavy-quark mass from the description by
assuming mQ ≃ mM and mqmQ → 0. It becomes more convenient to use
velocities instead of momenta, and the notion of velocity states gains thus
more relevance.
The intuitive quantum-field theoretical view of a meson in he heavy-
quark limit is to conceive it as a (anti)quark, whose mass is considered
infinitely heavy, that moves with velocity v and drags along a cloud of light
(anti)quarks and gluons. The dynamics of the heavy hadron is thus com-
pletely controlled by the heavy constituent (anti)quark. The main features
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and consequences of this kind of picture should, of course, also be reflected
by a simplified description of heavy-light mesons via constituent quark mod-
els.
The Isgur-Wise function
One of the consequences of heavy-quark symmetry is the existence of only
one universal form factor which is independent on the heavy-constituent
mass and on the heavy-constituent spin. This universal form factor is known
as Isgur-Wise function, due to N. Isgur and M. B. Wise [7, 50], and it is
usually written as function ξ(v · v′), where v and v′ are the initial and final
four-velocities of the heavy-light hadron, respectively. The scalar product
v · v′ replaces the momentum transfer, which goes to infinity, as will be
explained later. The existence of such a universal form factor in the heavy-
quark limit is an indication of heavy quark symmetry.
The main task of the present chapter will be to obtain and study this
universal form factor. From the general expression obtained in the pre-
vious chapter for form factors of arbitrary constituent masses we will see
analytically as well as numerically how heavy-quark symmetry arises. By
comparison with the result for finite heavy-quark masses we will be able to
study he amount of heavy-quark symmetry breaking in the real world.
Heavy-quark symmetry and the point form of dynamics
Dirac’s point form of dynamics is a framework in which the dependence upon
mass is explicit, making it particularly useful for studying the heavy-quark
limit within the context of specific models [26]. The model considered here
will be the same harmonic-oscillator wave-function model used in previous
chapters. The analytical result, however, allows for any other bound state
solutions.
In the following we will discuss how the heavy-quark limit has to be
taken, we will examine the analytical and numerical consequences in the
different processes, and provide the physical interpretation.
5.1 Space-like momentum transfer
Let us start with electron-meson scattering. We will examine step by step
the consequences of taking the heavy-quark mass going to infinity.
5.1.1 Definition of the heavy-quark limit (h.q.l.)
It is important to keep in mind that the heavy-quark limit is not the non-
relativistic limit. The framework is fully relativistic but now one of the
constituents shares non-relativistic features, while the other one does not.
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This is an important point, since the 4-momentum transfer squared, q2, goes
to infinite too, when the mass goes to infinity. In order to perform the heavy-
quark limit the meson momenta are expressed in terms of velocities and the
scalar product of the initial and final velocities of the meson (v · v′) is taken
as the parameter that replaces the momentum transfer. More precisely, the
heavy-quark limit has to be taken in such a way that the quantity
vα · v′α(′) =
kα · k′α(′)
mαmα(′)
(5.1)
stays constant. In this limit the binding energy and the light-quark mass
become negligible, which means
mQ′ = mα′ and
mq
mQ(′)
= 0 for mQ(′) →∞. (5.2)
This is the precise definition of the heavy-quark limit (h.q.l.) that will be
used in the following.
5.1.2 Meson-electron kinematics in terms of velocities
The kinematics of the meson in terms of velocities is hence
k[α] = mα vα, k
′
[α] = mα v
′
α, (5.3)
with the 4-velocities
vα =


√
1 + |~vα|2
−
√
vα·v′α−1
2
0√
|~vα|2 − 12(vα · v′α − 1)

 ; v′α =


√
1 + |~vα|2√
vα·v′α−1
2
0√
|~vα|2 − 12(vα · v′α − 1)

 .
(5.4)
Analogously, for the electron
ke =


√
m2e +m
2
α|~vα|2
mα
√
vα·v′α−1
2
0
−mα
√
|~vα|2 − 12(vα · v′α − 1)

 ; k′e =


√
m2e +m
2
α|~vα|2
−mα
√
vα·v′α−1
2
0
−mα
√
|~vα|2 − 12(vα · v′α − 1)

 .
(5.5)
The momentum transfer is then parametrized as follows
Q =
√
−(kα − k′α)2 = 2mα
√
vα · v′α − 1
2
=: 2mαu . (5.6)
Note that vα · v′α ≥ 1 and that |~v| is subject to the condition
|~vα| ≥ u. (5.7)
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5.1.3 Currents and form factors in the h.q.l.
Let us now see in detail how the heavy-quark limit leads to simplifications
for the current at the hadronic and constituent levels, i.e. Eqs. (4.3) and
(3.14), respectively, leading to a mQ-independent form factor. In the h.q.l.
the electron momenta can be written as1
ke → mα


να
u
0
−√ν2α − u2

 ; k′e → mα


να
−u
0
−√ν2α − u2

 (5.8)
where the notation να := |~vα| = |~v′α| has been introduced. The covariants
that depend on the electron and meson momenta are (kα+k
′
α)
µ and (ke+k
′
e)
µ
(kα + k
′
α) = mα
(
2
√
1 + ν2α , 0 , 0 , 2
√
ν2α − u2
)
, (5.9)
(ke + k
′
e) = mα
(
2να , 0 , 0 , −2
√
ν2α − u2
)
. (5.10)
The current at the constituent level, Eq. (3.14), requires more care. Us-
ing that
~k
(′)
α ,
~k
(′)
Q → mα~v(′)α ,
|~k′¯q|
mQ
,
|~˜k′¯q|
mQ
,
|~˜k′Q|
mQ
→ 0, and ~v(′)Qq¯ → ~v(′)α , (5.11)
the pseudoscalar meson current (3.14) simplifies considerably. The most
important effect of the limit is that one of the two contributions of the
current to the form factor found in Eq. (3.13) vanishes, namely the term
that describes the photon coupling to the light antiquark, i.e.
J˜ν[α] = (QQJνQ +Qq¯Jνq¯ ) −→ QQJνQ. (5.12)
This is easy to understand. In the h.q.l. the momentum transfer goes
to infinity. If the transferred momentum is absorbed by the light quark,
the wave-function overlap vanishes. An infinitely heavy quark, on the other
hand, is able to absorb an infinite amount of momentum with the wave
function overlap staying finite.
Thus only the contribution where the heavy quark is active survives and
the meson mass can be factored out:
JµQ(
~k
′
α,
~kα) → mαJ˜µ∞(~v′α, ~vα) = mα
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µQ,µ
′
Q
u¯µ′q¯ (~v
′
q¯)γ
νuµq¯ (~vq¯)
×1
2
D
1/2
µq¯µ′q¯
[
R−1W
(
k˜q¯
mq¯
, Bc(vα)
)
RW
(
k˜′¯q
mq¯
, Bc(v
′
α)
)]}
×ψ∗(|~˜k′q¯|)ψ(|~˜kq¯ |). (5.13)
1The meson kinematics in the h.q.l. remains exactly the same as in (5.4).
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The Wigner rotations that act on the heavy-quark spin have turned into
the unit matrix and therefore they disappear. Boost effects however, are
still present for the light degrees of freedom. The whole dependence of the
integrand onmα has vanished. For the kinematics given in Eq. (5.4) it can be
shown that the microscopic current J˜µ∞(~v′α, ~vα) has only two non-vanishing
components (cf. App. C.1.2)
J˜µ∞(~v′α, ~vα) = (J˜0∞, 0, 0, J˜3∞).
In the following it will be seen that J˜µ∞(~v′α, ~vα) still contains nonphysical
contributions and we will show how we, nevertheless, can extract the Isgur-
Wise function in a sensible way.
Covariant structure of the current and non-physical contributions
As explained in Chap. 4, cluster problems inherent in the Bakamjian-Thomas
construction entail non-physical components in the most general covari-
ant decomposition of the electromagnetic current of pseudoscalar mesons.
These unphysical features were seen to vanish for large invariant mass of the
electron-meson system. It is thus natural to wonder now if they still remain
in the h.q.l. or if they disappear completely.
The general covariant decomposition of the electromagnetic current of
pseudoscalar mesons, in the h.q.l. analogous to Eq. (4.3), but expressed in
terms of velocities, can be written as
J˜µ∞( ~v′α, ~vα) = (vα + v
′
α)
µf˜(vα · v′α, να) +
me
mα
(ve + v
′
e)
µg˜(vα · v′α, να), (5.14)
where
me
mα
(ve + v
′
e) = 2(να, 0, 0,
√
ν2α − u2) (5.15)
is independent of the heavy-quark mass mα. The heavy-quark limit does
obviously not eliminate the second, nonphysical covariant in Eq. (5.14). As
in the case of finite heavy-quark mass, the form factors can, in addition to
vα · v′α, depend also on the modulus on the meson velocities να. The latter
replaces the Mandelstam-s dependence mentioned in the previous chapter,
since
να =
1
2
(√
s
mα
− mα√
s
)
, with s = m2α
(
vα +
me
mα
ve
)2
. (5.16)
Similarly as it was shown in the previous chapter for finite heavy-quark
mass, the dependence of f˜(vα · v′α, να) and g˜(vα · v′α, να) on να is displayed
in Fig. 5.1 for several fixed values of vα · v′α. The να-dependence of the
physical form factor f˜(vα · v′α, να) and the size of the unphysical form factor
g˜(vα · v′α, να) are observed to vanish rather fast with increasing να.
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Figure 5.1: Physical and spurious electromagnetic form factors, f˜(vα ·v′α, να)
and g˜(vα · v′α, να), of a heavy-light pseudoscalar meson as a function of the
modulus of the meson velocity να for different fixed values of vα ·v′α (1 solid,
1.2 dashed, 2 dotted). The black dots in the upper figure are the values for
the Isgur-Wise function directly calculated in the Breit frame (να = u).
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5.1.4 The infinite momentum frame and the Breit frame
In order to get the Isgur-Wise function that depends on vα · v′α alone we
have to fix να. There are two particular choices that lead to interesting
consequences and that correspond to two particular reference frames. The
first one is the infinite momentum frame, i.e. να → ∞, which has been
already studied for finite masses in Chap. 4. The second one corresponds
to the minimal possible value of να (να = u), which is characteristic for the
Breit frame.
The infinite-momentum frame
We have already observed that the να-dependence of f˜(vα · v′α, να) as well
as the spurious form factor g˜(vα · v′α, να) vanish quickly with increasing να.
It is thus suggestive to identify the Isgur-Wise function ξ(vα · v′α) with the
limit να → ∞ of the physical form factor f˜(vα · v′α, να). This corresponds
to the infinite-momentum frame (IF). In this limit the current acquires the
expected structure
J˜ν∞(~v
′
α,~vα)
να→∞−→ (vα + v′α)ν ξIF(vα · v′α) . (5.17)
The Isgur-Wise function can be extracted from the non-vanishing com-
ponents of the current2
ξIF(vα · v′α) =
∫
d3k˜′¯q
4π
√
ωk˜q¯
ωk˜′q¯
SIF ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) . (5.18)
SIF is the spin rotation factor in this particular frame
SIF =
mq¯ + ωk˜′q¯
+ k˜′1q¯ u√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (5.19)
k˜′q¯ and k˜q¯ are related by Eq. (3.16) which, in the heavy-quark limit and for
this particular kinematics, leads to the following relation between ωk˜q¯ and
ωk˜′q¯
(see boosts in App. C.1.1):
ωk˜q¯ = 2k˜
′1
q¯ u+ 2k˜
′3
q¯ u
2 + ωk˜′q¯
(2u2 + 1) . (5.20)
The Breit frame
Another widely used frame to analyze the γ∗Mα → Mα subprocess is the
Breit frame (B) in which the energy-transfer between the meson in the initial
and the final states vanishes [6, 28]. It corresponds to the opposite situation
2For a detailed explanation about how to extract the form factor see App. C.2.
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of the infinite-momentum frame, since it is reached by taking the minimal
value of να, this is ν
2
α = u
2 = (vα · v′α − 1)/2 (cf. Eq. (5.7)). The structure
of the current in this case is (see App. C.2):
J˜ν∞(~v
′
α,~vα)
να→u−→ (vα + v′α)ν
{
f˜(vα · v′α, να = u)
+
√
vα · v′α − 1
vα · v′α + 1
g˜(vα · v′α, να = u)
}
=: (vα + v
′
α)
ν ξB(vα · v′α). (5.21)
Since both covariants become proportional to (vα+v
′
α)
ν , it is not possible
to distinguish the physical and the spurious form factor. One is thus led
to identify the Lorentz invariant quantity in Eq. (5.21) as the Isgur-Wise
function obtained in the Breit (B) frame. The structure of ξB(vα · v′α) is the
same as in Eq. (5.18)
ξB(vα · v′α) =
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
SB ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) , (5.22)
with the spin factor SB being now
SB =
mq¯ + ωk˜′q¯
+ k˜′1q¯
u√
u2+1√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (5.23)
The difference between both frames resides in the relation between k˜′q¯ and
k˜q¯, which are connected by boosts, that are different in the Breit frame and
the infinite-momentum frame (cf. App. C.2). Correspondingly
ωk˜q¯ = 2k˜
′1
q¯ u
√
u2 + 1 + ωk˜′q¯
(2u2 + 1). (5.24)
Relating both reference frames
Despite the integrands in (5.18) and (5.22) are different, the numerical re-
sults for the integrals are found to be identical for ξB(vα ·v′α) and ξIF(vα ·v′α).
This can be seen in Fig. 5.1, where the results for ξB(vα · v′α) are indicated
by black dots. The values for the dots coincide with the values for the curves
for large να.
It is thus suggestive to look for an analytical relation between ξB(vα ·
v′α) and ξIF(vα · v′α). One can indeed establish an analytical relation by a
simple change of variables. The transformation turns out to be the following
rotation: (
k˜′ 1q¯
k˜′ 3q¯
)
IF
=
1√
u2 + 1
(
1 −u
u 1
)(
k˜′ 1q¯
k˜′ 3q¯
)
B
. (5.25)
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Applying this change of variables to the integrand in the infinite-momentum
frame one obtains the same analytical result for the Isgur-Wise function as
in the Breit frame. The conclusion is then that the Isgur-Wise function
obtained by this procedure turns out to be the same irrespective of where
it is computed, either in the Breit or in the infinite-momentum frame. This
does not hold, however, for arbitrary frames (cf. Eq. (5.14) and Fig. 5.1),
and it does not hold for finite mass of the heavy quark (cf. Figs. 4.1 and
4.2).
The Isgur-Wise function
The resulting Isgur-Wise function is thus the same irrespective of whether
it is extracted in the Breit frame or in the infinite momentum frame. The
subscripts “IF” and “B” will therefore not be taken into account any more. It
will be more convenient for further purposes to use the analytical expression
for the Isgur-Wise function obtained in the Breit frame. So we will take the
following expression for the Isgur-Wise function in the sequel:
ξ(v · v′) =
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
S ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) , (5.26)
with
ωk˜q¯ = k˜
′1
q¯
√
(v · v′)2 − 1 + ωk˜′q¯ (v · v
′) (5.27)
and
S =
mq¯ + ωk˜′q¯
+ k˜′1q¯
√
(v·v′)−1
(v·v′)+1√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (5.28)
The underline and the subscript α have been dropped for simplicity. The
Isgur-Wise function obtained within this procedure depends only on v·v′, has
the correct normalization condition, i.e. ξ(v ·v′ = 1) = 1, and is independent
of the heavy-quark mass. ξ(v · v′) is thus universal and the same for any
meson that contains the same light antiquark. This property is called heavy-
quark flavor symmetry and it is the first part of the proof that heavy-quark
symmetry is respected by our approach.
5.2 Time-like momentum transfer
Until now we have studied for electron-meson scattering how heavy-quark
symmetry arises sending the heavy-quark mass to infinity. In this way it
disappears from the description, leading to a universal form factor, the Isgur-
Wise function ξ(v ·v′). Heavy-quark symmetry goes even further, it has also
consequences for processes that involve time-like momentum transfers.
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If matrix elements do not depend on the mass of the heavy quark, tran-
sition form factors that involve a change of flavor of the heavy quark are
expected to be identical to those in which the flavor of the heavy quark
is unaltered. One thus may expect relations between electromagnetic and
weak form factors in the heavy-quark limit. Such relations are indeed given
in the literature [7, 9]. They will be studied in the present section. As in
the previous section, starting from the general expression for the form fac-
tors, the consequences of heavy-quark symmetry will be tested by taking the
h.q.l. As we will see, both flavor symmetry and spin symmetry will occur in
electroweak processes.
5.2.1 Kinematics in terms of velocities
For time-like momentum transfer the parametrization in terms of veloci-
ties vB · v′D(∗) leads to the following meson and heavy-quark momenta (cf.
Eqs. (4.15) and (4.16)):
kB = mB


1
0
0
0

 = mBvB , (5.29)
k′
D(∗)
= mD(∗)


√
(vB · v′D(∗))2 − 1
vB · v′D(∗)
0
0

 = mD(∗)vD(∗) . (5.30)
The (time-like) momentum transfer is given here by
0 ≤ q2 = (kB − kD(∗))2 (5.31)
= m2B +m
2
D(∗)
− 2mBmD(∗)vB · v′D(∗) ≤ (mB −mD(∗))2 .
From Eqs. (5.29) and (5.31) one can deduce that vB · v′D(∗) is restricted by
the condition
1 ≤ vB · v′D(∗) ≤ 1 +
(mB −mD(∗))2
2mBmD(∗)
. (5.32)
Direct comparisons of form factors for space-like and time-like processes can
be done within this interval.
5.2.2 Flavor symmetry
First we will study heavy-quark flavor symmetry by comparing the Isgur-
Wise function (5.26) from electromagnetic scattering with the one from the
B → Deν¯e transition. Flavor symmetry predicts that in a Qq¯-system the
behavior of the light quark appears blind to the flavor of the heavy one.
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This implies that the form factors obtained for a system like u¯b should be
identical to the ones obtained for u¯c. Comparing the covariant structure of
the electromagnetic and weak currents, (4.14) and (4.2) respectively, it can
be demonstrated that the following relations should be fulfilled when the
mass of the heavy quark goes to infinity [7, 9]
R
[
1− q
2
(mB +mD)2
]−1
F0(q
2)
h.q.l.−→ ξ(vB · v′D), (5.33)
R F1(q
2)
h.q.l.−→ ξ(vB · v′D) , (5.34)
with
R =
2
√
mBmD
mB +mD
. (5.35)
and ξ(vB · v′D) being the h.q.l. of the electromagnetic form factor F (Q2)
(considered as function of vα · v′α).
5.2.3 Currents and form factors
in pseudoscalar-to-pseudoscalar meson transitions
The quark current (3.21) in the h.q.l. takes on the form
JνB→D(~k
′
D,
~kB)
h.q.l.−→ √mBmD J˜νB→D(~v′D,~vB)
=
√
mBmD
∫
d3k˜′¯q
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µb,µ′c=± 12
u¯µ′c(~v
′
D) γ
ν uµb(~vB)
×1
2
D
1/2
µbµ′c
[
RW
(
k˜′¯q
mq¯
, Bc(v
′
D)
) ]}
ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) .
(5.36)
As in the electromagnetic case, the Wigner D-function that acts on
the heavy-quark degrees of freedom becomes the unit matrix. The expres-
sion (5.36) is simpler than in the electromagnetic case due to the kinematics
of the weak decay processes, where the initial state is at rest (cf. Sec. 3.2).
This is the reason why the second Wigner rotation that depends on the ini-
tial velocity is absent here. When one imposes the condition ~vα = 0 in the
electromagnetic case (5.13) one recovers exactly Eq. (5.36). Note also that,
due to the condition ~vB = 0, the kinematics resembles the one in the Breit
frame, where the whole process also takes place only along one direction.
Using the properties of the Wigner D-functions one can write the point-
like quark current as (cf. App. C.1.2):
u¯µb(~v
′
D) γ
ν uµb(~vB) =
√
2
vB · v′D + 1
(vB + v
′
D)
ν . (5.37)
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The meson transition current can therefore be expressed in terms of the
covariant (vB + v
′
D)
ν alone:
J˜νB→D(~v
′
D,~vB) = (vB + v
′
D)
ν ξW (vB · v′D) . (5.38)
The resulting analytical expression for ξW (vB ·v′D) extracted in this manner
from the semileptonic weak (‘W ’) process is
ξW (vB · v′D) =
∫
d3k˜′¯q
4π
√
ωk˜q¯
ωk˜′q¯
SW ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) . (5.39)
with
ωk˜q¯ = k˜
′1
q¯
√
(vB · v′D)2 − 1 + ωk˜′q¯ (vB · v
′
D) (5.40)
and
SW =
mq¯ + ωk˜′q¯
+ k˜′1q¯
√
(vB ·v′D)−1
(vB ·v′D)+1√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (5.41)
The Isgur-Wise function for this weak heavy-to-heavy decay is thus iden-
tical with the one extracted from electron-meson scattering (cf. Eqs. (5.26)-
(5.28)). This is an important result showing that the description of the
electroweak structure of mesons is properly done within our approach. It
guarantees heavy-quark flavor symmetry and provides the correct relations
between space- and time-like form factors in the h.q.l.
5.2.4 Spin symmetry
Heavy-quark symmetry allows also to relate form factors involving pseu-
doscalar mesons with corresponding ones involving vector mesons in the
h.q.l. This symmetry emerges from the decoupling of the heavy-quark spin.
For weak pseudoscalar-to-vector transitions the form factors are related
by [51]:
R∗
[
1− q
2
(mB +m∗D)2
]−1
A1(q
2)
h.q.l.−→ ξ(vB · v′D∗) , (5.42)
R∗ V (q2)
h.q.l.−→ ξ(vB · v′D∗) , (5.43)
and
R∗ Ai(q2)
h.q.l.−→ ξ(vB · v′D∗) , i = 0, 2 , (5.44)
with
R∗ =
2
√
mBmD∗
mB +mD∗
, (5.45)
where the form factors Ai(q
2), A1(q
2) and V (q2) are those introduced in
Eq. (4.19). In the following we will take as a representative example the
B → D∗eν¯e transition.
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5.2.5 Currents and form factors
in pseudoscalar-to-vector meson transitions
The weak transition current (3.22) becomes in the heavy quark limit
JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB)
h.q.l.−→ √mBmD J˜νB→D∗(~v′D∗ , µ′D∗ ;~vB)
=
√
mBmD
∫
d3k˜′¯q
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µb,µ′c,µ˜
′
q¯=± 12
q¯µ′c(~v
′
D∗) γ
ν (1− γ5)uµb(~vB)
×
√
2(−1) 12−µbC1µ
′
D∗
1
2
µ′c
1
2
µ˜′q¯
×D1/2
µ˜′q¯−µb
[
R−1W
(
k˜′¯q
mq¯
, B−1c (v
′
D∗)
)]}
ψ∗D∗ (|~˜k′q¯|)ψB (|~˜kq¯|) . (5.46)
In the h.q.l. the covariant structure of (4.19) goes over into
J˜νB→D∗(~v
′
D∗ , µ
′
D∗
;~vB) = i ǫ
ναβγ ǫα(mD∗~v
′
D∗ , µ
′
D∗
) v′D∗β vBγ ξ(vB · v′D∗)
−
[
ǫν(mD∗~v
′
D∗ , µ
′
D∗
) (vB · v′D∗ + 1) (5.47)
−v′νD∗ ǫ(mD∗~v′D∗ , µ′D∗) · vB
]
ξ(vB · v′D∗) .
By comparison of Eqs. (5.46) and (5.47) one can see that the Isgur-Wise
function ξ(vB · v′D∗) is the same as in Eqs. (5.39)-(5.41). This shows how
heavy-quark spin symmetry, which has its origin in the decoupling of the
heavy-quark spin from the spin of the light degrees of freedom, arises when
the mass goes to infinity. This proves that heavy-quark spin symmetry is
also respected by our approach.
In the next chapter numerical results for the Isgur-Wise function will
be presented and compared with results for the case of finite heavy-quark
masses. Heavy-quark symmetry breaking due to finite masses will be dis-
cussed.

Chapter 6
Numerical studies I
In this chapter we will study the electroweak (transition) form factors of
heavy-light mesons numerically. By comparing the numerical results for
these form factors, obtained with physical masses for the heavy quarks,
with the outcome in the heavy-quark limit, we will estimate the amount of
heavy-quark-symmetry breaking for the physical masses.
6.1 Meson wave function
The form factors, and thus the Isgur-Wise function, are solely determined
by the Qq¯ bound-state wave function and the constituent masses. We take
a harmonic-oscillator wave function which is defined as follows:
ψ(κ) =
2
π
1
4 a
3
2
exp
(
− κ
2
2a2
)
. (6.1)
There are mainly two reasons for choosing such a simple wave function. On
the one hand it is the main goal of this work to demonstrate that the kind
of relativistic coupled-channel approach we are using is general enough to
provide sensible results for the description of the electroweak structure of
heavy-light systems. We do not want to give quantitative predictions for
electroweak form factors based on sophisticated constituent-quark models.
On the other hand this wave function will allow to do a direct comparison
with analogous calculations carried out within a front-form approach [33].
The numerical calculations could, of course, be carried out using any other
model wave function obtained from a particular bound-state problem. The
numerical results presented in this chapter have been computed using the
model parameters quoted in Table 6.1, which have been taken from Ref. [33].
6.2 The Isgur-Wise function
The solid line in Fig. 6.1 shows the numerical result for the Isgur-Wise func-
tion as derived in Sec. 5.1.4. The result is the same for the electromagnetic
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mu,d mb mc a
0.25 GeV 4.8 GeV 1.6 GeV 0.55 GeV
Table 6.1: Model parameters used for the numerical calculations presented in
this chapter. Physical masses as well as the harmonic-oscillator parameter a
are taken from Ref. [33]. The Cabibbo-Kobayashi-Maskawa matrix element
|Vcb| as well as the physical meson masses are the actual values quoted by
the Particle Data Group [56].
case computed either in the Breit frame or in the infinite-momentum frame
and agrees also with the one for weak decays, despite those processes involve
space- and time-like momentum transfers, respectively. Our numerical re-
sult coincides with the Isgur-Wise function obtained within the light-front
quark model of Ref. [33]. The dashed line corresponds to spin-rotation factor
S = 1; this is the result one would have for spinless quarks. The difference
between both lines indicates the importance of the appropriate treatment of
relativistic spin rotations when boosting the initial to the final Qq¯-bound-
state wave function.
A comparison with experimental data will be done later when we present
form-factor results for finite heavy-quark masses. The Isgur-Wise function
will then be used as a reference quantity to estimate the amount of heavy-
quark symmetry breaking.
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Figure 6.1: The Isgur-Wise function (solid line) as given in Eqs. (5.26)-
(5.28) with the model parameters of Table 6.1. The dashed line corresponds
to spin-rotation factor S = 1.
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6.3 Heavy-quark symmetry breaking
in electromagnetic processes
Heavy-quark symmetry is broken for finite heavy-quark masses. Form fac-
tors of heavy-light mesons differ from the Isgur-Wise function since the
physical masses are finite. Once the Isgur-Wise function has been obtained,
it can be used to estimate quantitatively to which extend the realistic case,
corresponding to physical masses, deviates from the heavy-quark limit. This
gives us an estimate of the amount of heavy-quark symmetry breaking and
provides conditions under which the heavy-quark limit turns out to be a
good approximation.
Fig. 6.2 shows the electromagnetic form factors for the D+ and B−
mesons, as measured in the space-like momentum transfer region, as func-
tions of v ·v′. They have to be compared with the Isgur-Wise function (solid
line) which is normalized to the charge of the heavy quark in each case.
The electromagnetic form factor is the result of the sum of two contribu-
tions that correspond to the photon coupling to the heavy and to the light
quarks (cf. Eq. 3.13). Each of them is weighted with the charge of the cor-
responding quark. In the heavy-quark limit the contribution in which the
light quark is active vanishes. For finite heavy-quark masses it causes a peak
at v · v′ → 1, which becomes more pronounced with increasing the mass of
the heavy quark and disappears completely in the heavy-quark limit, since
the light-quark contribution decreases faster with increasing v · v′ than the
heavy-quark contribution. In case of the B meson (bottom) the light-quark
contribution dies out rather fast, such that nearly the whole form factor is
dominated by the heavy-quark contribution. It lies above the Isgur-Wise
function, being about 20% larger. The heavy-quark contribution starts to
dominate at v · v′ & 1.1 in this case (which corresponds to Q2 & 5 GeV2).
In the case of the D+-meson the dominance of the heavy-quark contri-
bution sets in at about the same momentum transfer (Q2 & 5 GeV2), which
corresponds to (cf. Eq. (5.31)) v · v′ & 1.7. The absolute magnitude of the
form factor at v · v′ ∼ 2 deviates from the Isgur-Wise function by abot 60%.
This is due to the smallness of the charm-quark mass. For the B− meson
the heavy-quark limit thus seems to be a reasonable approximation whereas
the charm quark mass is obviously too small to be well approximated by the
heavy-quark limit.
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Figure 6.2: Electromagnetic form factors of the D+ (top) and B− (down)
mesons calculated in the Breit frame (dotted line) and infinite-momentum
frame (dashed line) in comparison with the Isgur-Wise function (solid line).
For direct comparison the Isgur-Wise function is multiplied by |QQ|, i.e. the
charge of the heavy quark. Model parameters are taken from Table 6.1.
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6.4 Heavy-quark symmetry breaking
in weak processes
In the following, numerical results for the weak form factors as measured in
the B− → D0e−ν¯e and B− → D0(∗)e−ν¯e decay processes will be discussed.
Heavy-quark flavor symmetry breaking
In order to test heavy-quark flavor symmetry numerically and to see how its
breaking takes place, we calculate the decay form factors for finite masses
of the heavy quarks (cf. Table 6.1). Starting from the physical values for
the quark masses, it can be tested numerically how heavy-quark symmetry
arises by scaling up mb and mc. Fig. 6.3 shows the F1 and F0 form factors
that can be measured in the B− → D0e−ν¯e decay, for physical values of
mb and mc and values that are about 6 times larger. The form factors are
multiplied by the corresponding kinematical factors that relate them to the
Isgur-Wise function (cf. (5.33)-(5.35)). The deviation from the Isgur-Wise
function indicates the amount of heavy-quark symmetry breaking. As it was
shown analytically, heavy-quark symmetry predicts that the quantities RF1
and R(1− q2/(mB +mD)2)−1F0 agree in the heavy-quark limit and they go
over into the Isgur-Wise function. Taking the physical masses of the heavy
quarks the differences between the resulting quantities turn out to be less
than 7% of their absolute values and they become smaller with increasing
v ·v′ (cf. Fig 6.3 (top)). the deviation from the Isgur-wise function, however,
is about 15%.
Taking b- and c-masses 6.25 times larger than the physical masses (which
meansmc = 10 GeV), RF1 and R(1−q2/(mB+mD)2)−1F0 are already much
closer to the Isgur-Wise function (cf. Fig 6.3, bottom). The discrepancy
between RF1, R(1 − q2/(mB +mD)2)−1F0 and ξ(v · v′) is in this case less
than 10%.
Heavy-quark spin symmetry breaking
Analogously to heavy-quark flavor symmetry, heavy-quark spin symmetry
can be also tested numerically. Fig. 6.4 shows how the form factors, multi-
plied by appropriate kinematical factors given by the relations (5.42)-(5.45)
approach the Isgur-Wise function by increasing the heavy-quark mass.
The prediction is that R∗V , R∗A0, R∗A2 andR∗(1−q/(mB+mD∗)2)−1A1
coincide with the Isgur-Wise function in the heavy-quark limit. These quan-
tities are shown in Fig. 6.4 (top) for physical masses (cf. Table 6.1). The
maximum difference between them are about 5% and they differ from the
Isgur-Wise function by about 20%. In order to see numerically the restora-
tion of heavy-quark symmetry for large masses the form factors (multiplied
by the corresponding kinematical factors) are plotted in Fig. 6.4 (down) for
b- and c- masses of about one order of magnitude larger, so that mc = 10
GeV.
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Figure 6.3: Top: weak B− → D0 decay form factors (multiplied by ap-
propriate kinematical factors, cf. (5.33) - (5.35)) for physical heavy-quark
masses in comparison with the Isgur-Wise function. Experimental data have
been taken from Belle [53] (dots), CLEO [54] (triangles) and BABAR [55]
(crosses) assuming that |Vcb| = 0.0409, i.e. the central value given by the
Particle Data Group [56]. Model parameters are taken from Table 6.1.
Bottom: c and b-quark masses are multiplied by a factor 6.25 such that
mc = 10 GeV and meson masses are taken equal to the corresponding quark
masses.
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Figure 6.4: Top: weak B− → D0∗ decay form factors (multiplied by ap-
propriate kinematical factors, cf. (5.42) - (5.45)) for physical heavy-quark
masses in comparison with the Isgur-Wise function. Model parameters are
taken from Table 6.1. Experimental data have been taken from Belle [57]
(dots), CLEO [58] (triangles) and BABAR [59] (crosses) assuming that
|Vcb| = 0.0409, i.e. the central value given by the Particle Data Group [56].
In the lower figure c and b-quark masses are multiplied by a factor 6.25 such
that mc = 10 GeV and meson masses are taken equal to the corresponding
quark masses.
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Other observables
The quantity that can be directly extracted experimentally from the (unpo-
larized) semileptonic decay rate, dΓB→Deν¯/dω ∝ (ω2 − 1)3/2|Vcb|2|FD(ω)|2,
is VcbFD(ω) := VcbRF1(q
2(ω)), with ω := v · v′. Results measured in
Refs. [53, 54, 55] are plotted in Fig. 6.3 divided by the current value of Vcb.
They can be compared with this model predictions (dashed line). The sim-
ple harmonic-oscillator model reproduces the experiments reasonably well
and they are comparable with other constituent quark models [34, 37]. The
resulting branching ratio is in good agreement with experiment:
BR(B0 → D+l−νl) = 2.3%, (6.2)
BRexp(B0 → D+l−νl) = (2.18 ± 0.12)%. (6.3)
Other quantities that characterize the process are the value of FD at
zero recoil, i.e. FD(ω = 1) = RF1(ω = 1) and the slope at zero recoil
ρ2D := −F ′D(ω = 1)/FD(ω = 1). The results obtained within the present
model are
FD(ω = 1) = 0.93, (6.4)
ρ2D = 0.59. (6.5)
It is interesting to look at these values in the heavy-quark limit. FD(ω)
goes over into ξ(ω) in the h.q.l., so its value at zero recoil is obviously 1.
The slope becomes then ρ2 := −ξ′D(ω = 1) = 1.24. The result differs
considerably from the corresponding one for physical masses of the heavy
quarks. The experimental value, as quoted by the Heavy Flavor Averaging
Group [60] is
ρ2D = 1.18 ± 0.06, (6.6)
which is closer to the result of the model in the h.q.l.
Remarks
For the discussion presented above we have used the same harmonic-oscillator
wave function with oscillator parameter a = 0.55 GeV, for both the B− and
D∗ mesons. Any flavor dependence in the wave function has been ignored.
It has been deliberately done in this way for the purpose of studying those
effects that are exclusively consequences of heavy quark symmetry breaking
due to taking the masses of the heavy quarks finite. Any kind of flavor
dependence in the wave function, as it could be for example, a different
oscillator parameter for each meson, would have influenced the numerical
results. For instance, taking aD = 0.465 GeV as it is suggested in a front-
form analysis of heavy-meson decay constants [61], while keeping aB = 0.55
GeV, the result for the slope at zero recoil would have been ρ2D = 0.65,
which is about 10% larger than the one obtained for aB = aD = 0.55 GeV.
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6.4.1 Cluster properties
Let us discuss now the spurious dependencies that appear in the form factors
due to wrong cluster properties inherent in the Bakamjian-Thomas construc-
tion. The Mandelstam-s dependence does not spoil the Poincare´ invariance
of the 1-photon-exchange amplitude, it is rather a consequence of the non-
local character of the photon-meson vertex. If one considered the γ∗M →M
subprocess only, the s-dependence could be interpreted as a frame depen-
dence in the description of the subprocess. We have seen that there are two
special reference frames (for γ∗M → M), corresponding to two particular
values of s. Namely, the minimum s to reach a particular momentum transfer
Q2 and s→∞ (with Q2 fixed). They have been called the Breit frame and
the infinite-momentum frame, respectively. We have shown (cf. Sec. 5.1.4)
that in both cases the covariant structure of the current can be expressed
in terms of physical meson covariants only. In Fig. 6.2 the electromagnetic
form factors for the D+ and B− mesons computed in these two particular
reference frames are shown. The difference between the Breit-frame result
and the infinite-momentum-frame result is determined by the ratio m2Q/Q
2.
In both frames the form factors at Q2 = 0 are normalized to 1. There-
fore the Breit-frame result tends to approach the infinite-momentum-frame
result faster for the light D+-meson than for the B−-meson.
6.5 Comparison with front-form results
There are several calculations that have been done in a front-form approach
to which the analytical and numerical results presented here can be com-
pared. Ref. [33], where the model parameters have been taken from, provides
two different analytical expressions corresponding to two different wave func-
tion models, namely a Gaussian-type one and the flavor dependent Wirbel-
Stech-Bauer wave function [49]. The Isgur-Wise functions in [33] are ob-
tained by taking the heavy-quark limit of the form factors of the B → D
and B → D∗ decays. The authors obtain the same numerical result for
the Isgur-Wise function in the B → D and B → D∗ processes when using
a Gaussian wave function. However, their result turns out to be different
when using a flavor dependent Wirbel-Stech-Bauer wave function [49]. Their
conclusion is thus that the Wirbel-Stech-Bauer wave function does not pre-
serve heavy-quark symmetry. In this work we have used the Gaussian wave
function type and the numerical result for the Isgur-Wise function turns out
to be identical to the one of Ref. [33]. The value of the slope at zero recoil
is also found to be the same, ρ2 = −ξ′(1) = 1.24.
Unlike in the case of systems of equal constituent masses [19, 20], where
the equivalence between point- and front-form results was already shown
analytically for electromagnetic form factors, such an equivalence is not
easy to establish analytically for heavy-light systems in the heavy-quark
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limit. There are, however, several hints suggesting that the equivalence may
hold also in this case. In the case of the pion, the analytical result for the
form factor for space-like momentum transfers was shown to be identical
to the front-form expression that results from the +-component of a one-
body current in the q+ = 0 frame [19]. If such an equivalence extended
to the case of unequal masses and generalized at least to those electroweak
transition form factors that are not affected by Z-graphs contributions, the
heavy-quark limit of electroweak heavy-light meson (transition) form factors
in the point form should lead to the same Isgur-Wise function as the front-
form approach. We see this numerically, but we have not attempted to
establish the relation analytically so far.
Derivations of the Isgur-Wise function carried out within a front-form
approach in, e.g. [33, 52], used as a starting point the weak transition form
factor, which is extracted in the time-like momentum transfer region. In
order to do calculations that involve time-like momentum transfers it is
necessary to give up the q+ = 0 condition and consequently the absence
of Z-graphs is not guaranteed any more. This is confirmed by an analysis
of the triangle diagram for B → D(∗) decays within a simple covariant
model [36]. In Ref. [36] it is demonstrated that computing the weak form
factors for ν¯eB → eD(∗) scattering in a q+ = 0 frame and applying an
analytical continuation (q⊥ → iq⊥) in order to go to the time-like momentum
transfer region is equivalent to computing the decay form factors in the
time-like momentum transfer region (where q+ 6= 0), provided that the Z-
graph contributions are appropriately taken into account. The importance of
the Z-graph contributions decreases when increasing the mass of the heavy
quark and vanishes completely in the heavy-quark limit. This is due to the
impossibility of creating an infinitely heavy quark-antiquark pair out of the
vacuum.
For finite masses we obtain results for the weak M → M ′ decay form
factors which differ from those obtained within the front-form approach.
Fig. 6.5 may also provide a hint at the importance of the Z-graph contri-
butions for finite masses when computing in q+ 6= 0 frames. Part of the
discrepancies between the form factors extracted in the infinite-momentum
frame and in the Breit frame may be attributed to missing Z-graph contri-
butions in the Breit frame [35].
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Figure 6.5: Electromagnetic form factor of the D+ (top) and B− (bottom)
mesons calculated in the Breit (B) and infinite-momentum (IF) frames as a
function of the (space-like) 4-momentum transfer squared Q2 = −q2. Model
parameters are taken from Table 6.1.

Chapter 7
Numerical studies II
7.1 Introduction
In the previous chapter the numerical calculations where focused on the
study of heavy-quark symmetry as well as on cluster-separability properties
of our point-form approach. For that purpose the same harmonic-oscillator
wave function with parameter a = 0.55 GeV was used for all numerical stud-
ies. In this chapter we introduce a flavor dependence in the wave function,
by assuming a different harmonic oscillator parameter for each meson. We
will extract the form factors for several semileptonic decays, both for heavy-
to-heavy and for heavy-to-light transitions, as a function of the 4-momentum
transfer squared, i.e. F0(q
2) and F1(q
2) in the pseudoscalar-to-pseudoscalar
case, and V (q2), A0(q
2), A1(q
2) and A2(q
2) in the pseudoscalar-to-vector
case.
Even taking into account this flavor dependence, the model remains very
simple. It is certainly not sophisticated enough to establish quantitative pre-
dictions which could be compared with experiments. Nonetheless, it is worth
carrying out such calculations for several decays in order to see how our ap-
proach compares with other approaches and to learn at least qualitatively
how the transition form factors depend on the kind of transition considered.
We are particularly interested in comparisons with front-form results and
the role of non-valence contributions in the description of currents and form
factors. In front-form such non-valence contributions turn out to become
important when one goes from space-like to time-like momentum transfers
and they may play a role in our approach as well. As mentioned already in
Sec. 6.5, for time-like momentum transfer it is not possible to use the q+ = 0
frame in front form. As a consequence non-valence configurations leading
to Z-graph contributions (quark-antiquark pairs created from the vacuum)
can occur. Such Z-graph contributions have been analyzed in Ref. [36]. Ap-
plying analytic continuation (q⊥ → iq⊥) from the space-like to the time-like
momentum transfer region to transition form factors calculated in a q+ = 0
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frame for space-like momentum transfers it is shown that the outcome is
the same as the result from a direct calculation of the decay form factors
in the time-like region (where q+ 6= 0), provided that the Z-graph contribu-
tions are appropriately taken into account. The importance of the Z-graph
contributions decreases with increasing the mass of the heavy quark and it
vanishes in the heavy-quark limit, since an infinitely heavy quark-antiquark
pair cannot be produced out of the vacuum. Our numerical values for the
Isgur-Wise function agree with those obtained within a front form quark
model [33]. As soon as the decay form factors are calculated for finite physi-
cal masses of the heavy quarks, differences between the point- and front-form
approach appear. These differences may be attributed to the different roles
played by Z-graphs in either approach.
The major aim of this chapter is to provide the numerical results for
time-like form factors using identical parameters and wave functions as in
Ref. [33] (they are quoted in Table 7.1) and perform a numerical comparison
of our point-form approach with the front-form one.
A second issue we would like to address with these comparisons concerns
the frame dependence that appears in the calculation of form factors of
pseudoscalar-to-vector transitions in the front-form approach. In the light-
front quark model of Ref. [33], for instance, the authors choose a frame in
which the momentum transfer is purely longitudinal, i.e. q⊥ = 0, q2 =
q+q−. Working in this way, form factors of processes that involve vector
mesons, cannot be extracted unambiguously, and the form factors exhibit a
dependence on whether the daughter meson goes in the positive or negative
z-direction. We, on the other hand, showed in Chap. 4 that in our case
there is no frame dependence of the form factors and they can be determined
without any ambiguity from the different components of the current. This
will be discussed Sec. 7.3.
aπ aρ aK aK∗ aD aD∗ aB aB∗
0.33 0.30 0.38 0.31 0.46 0.47 0.55 0.55
Table 7.1: Harmonic-oscillator parameters (in GeV) for the meson wave
functions used for the calculation of transition form factor in this chapter.
They have been taken from Ref. [33] where they were determined by fitting
the wave functions to the experimental values for the decay constants.
7.2 Pseudoscalar-to-pseudoscalar transitions
For pseudoscalar-to-pseudoscalar transitions, in order to allow for compar-
ison with other work, besides F0(q
2)(= f+(q
2)) and F1(q
2), also f−(q2) is
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depicted for all computed decays. f−(q2) and f+(q2) are defined by
Jµ(p1, p2) = f+(q
2)(p1 + p2)
µ + f−(q2)(p1 − p2)µ, (7.1)
where p1 and p2 are the initial and final meson 4-momenta. Their relation
with F0(q
2) and F1(q
2) is given by (cf. Sec. 4.2.1):
F1(q
2) = f+(q
2), F0(q
2) = f+(q
2) +
q2
M21 −M22
f−(q2). (7.2)
The values at q2 = 0 for F1(0), or equivalently for f+(0), are shown in
Table 7.2 together with the results obtained within the light-front quark
model [33]. For heavy-to-heavy transitions, i.e. B → D, as well as for
B → π(K) transitions both, front-form and point-form results, seem to
agree quite well, whereas they differ slightly for D → π(K).
We do not have a definitive explanation for this fact, but we suspect
that these differences are due to the different way in which Z-graphs enter
the form factors in either approach. There is a particular frame, namely the
q+ = 0 frame, in the front form, where Z-graphs disappear. In point form
a particular q+ = 0 frame can be realized for lepton-hadron scattering by
taking the limit of infinite large Mandelstam s, which corresponds to the
infinite-momentum frame of the hadron. This explains, e.g., the equality
of our point-form results for electromagnetic meson form factors (for q2 <
0) with corresponding front-form results. In the q+ = 0 frame however,
weak decays cannot take place, since the process is necessarily time-like
(q2 = q+q− − q⊥ > 0) or light-like at the point for maximal recoil (q2 = 0).
In the light-front quark model of Ref. [33], the calculations are done in a
frame where the momentum transfer is purely longitudinal, this is q⊥ = 0,
q2 = q+q−. At q2 = 0 either q+ or q− must vanish which corresponds to the
daughter meson going either in + or in − z-direction, respectively. Since
the pseudoscalar decay form factors do not depend on whether the daughter
meson goes into + or − z-direction one can assume q+ = 0. This implies,
however, that Z-contributions vanish at the maximum recoil point. For
q2 > 0 there is, however, no argument to exclude Z-graph contributions in
the decay form factors. In point form one does not even have an argument
at q+ = 0 (apart of the mass of the produced QQ¯-pair) that Z-graphs should
vanish.
As in Ref. [33], a quantitative estimate of the Z-graph contribution is
not within the scope of this work. We have seen, however, in the previous
section that the point-form results reproduce the front-form ones exactly in
the heavy-quark limit. The reason is that in these Z-graph contributions
vanish, since it is not possible to create a infinitely heavy QQ¯-pair out of
the vacuum. One can therefore expect that for heavy-to-heavy transitions
point-form and front-form results show a greater resemblance than for heavy-
to-light transitions. For heavy-to-light processes non-valence contributions
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are expected to be more important. It is thus not surprising that the results
differ in both approaches. In the D → K and D → π cases, point- and
front-form results differ considerably, the front-form results being somewhat
closer to the experimental data [56].
Another resemblance with the front-form results is that f−(q2) ∼ −f+(q2)
for B → π and to less extend for D → π (cf. Figs. 7.2 and 7.3). Near
zero recoil (where q2 is maximum) heavy-quark symmetry predicts (f+ +
f−)B(D)π ∼ 1√mB(D) . In our case we rather have
(f+ + f−)Bπqmax ∼ 0.22, (f+ + f−)Dπqmax ∼ 0.43, (7.3)
whereas 1/
√
mB ∼ 0.43 and 1/√mD ∼ 0.73. Like in front form these kind
of relations are badly violated for B(D)→ K.
Front form [33] Point form (this work) Experiment [56]
B → D 0.70 0.68
B → π 0.26 0.26
B → K 0.34 0.34
D → π 0.64 0.58 0.661±0.022
D → K 0.75 0.70 0.727±0.011
Table 7.2: F1(0) (or equivalently f+(0)) form factor for pseudoscalar-to-
pseudoscalar transitions, corresponding to Figs. 7.1 - 7.3.
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Figure 7.1: B → D transition form factors in the whole range 0 ≤ q2 ≤
(MB − MD)2. Parameters for the quark masses and harmonic-oscillator
wave functions are taken from Tables 6.1 and 7.1, respectively. For the
meson masses the current values given by the Particle Data Group have
been taken [56].
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Figure 7.2: B → K and B → π transition form factors in the whole range
0 ≤ q2 ≤ (MB −MK(π))2. Parameters for the quark masses and harmonic-
oscillator wave functions are taken from Tables 6.1 and 7.1, respectively.
For the meson masses the current values given by the Particle Data Group
are taken [56].
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Figure 7.3: D → K and D → π transition form factors in the whole range
0 ≤ q2 ≤ (MD −MK(π))2. Parameters for the quark masses and harmonic-
oscillator wave functions are taken from Tables 6.1 and 7.1, respectively.
For the meson masses the current values given by the Particle Data Group
are taken [56].
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7.3 Pseudoscalar-to-vector transitions
More interesting is the comparison for transitions that involve mesons with
spin. In the light-front quark model [33], the form factors for pseudoscalar-
to-vector meson transitions extracted in the q⊥ = 0 frame, exhibit a certain
frame dependence. For a given q2, the form factors depend on whether the
recoiling daughter moves in the positive “+” or negative “−” z-direction
relative to the parent meson. In the light-front quark model the results for
the form factors are larger in the “+” frame than in the “−” one. The exact
vanishing of Z-graphs at q2 = 0 in the “+” frame is taken as an argument in
Ref. [33] to conclude that Z-graphs are less important in the “+” frame than
in the “−” frame. In Table 7.3 results for both frames together with the
point-form results obtained in this work are given at q2 = 0. The authors
of [33] interpret the difference between the results at q2 = 0 in the “+” and
“−” frames as a measure for the Z-graph contribution present in the “−”
frame. In the point form, as explained in Chap. 3 and 4, all form factors can
be extracted without ambiguity and no frame dependence appears in our
description of weak decays. The current level of this work does not allow to
give a serious estimate of Z-graph contributions. One could perhaps guess
that they are of the same order of magnitude as the difference between “+”
and “−” frames in front from.
In Tabs. 7.3-7.7 our from-factor results at q2 = 0 are compared with
those of Ref. [33] for several decays. One observes that the results obtained
in the point form for A0(0), A1(0) and A2(0) are very similar in all the
computed transitions, whereas they differ notably in the front form. There
seems to be a good agreement between both approaches for V (0) and A0(0).
For these two form factors one sees that for the heavy-to-heavy transition
the point-form result lies between the obtained ones in the front form in the
“+” and “−” frames, being closer to the “+” one. A1(0) and A2(0) turn
out to be larger in the point form in all cases.
For the whole q2 range, i.e. 0 ≤ q2 ≤ (M1−M2)2, the form factors V (q2),
A0(q
2), A1(q
2) and A2(q
2) are depicted in Figs. 7.4-7.8. If one compares with
the corresponding plots in Ref. [33] the observations made already for q2 = 0
are confirmed. For the B decays our form factors resemble very much those
of Ref. [33] (in the “+” frame) with A2(q
2) showing the biggest deviations.
For D-decays larger differences can be observed, in particular for A1(q
2) and
A2(q
2), but the qualitative features of the form factors are still quite similar.
This discrepancy is, of course, foreseeable since the point- and front-form
approaches are not equivalent as long as one does not include non-valence
contributions. The equivalence is only reached in the heavy-quark limit,
where the same Isgur-Wise function is obtained.
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B → D∗ V (0) A0(0) A1(0) A2(0)
Front form [33] in the “+” frame 0.78 0.73 0.68 0.61
Front form [33] in the “−” frame 0.62 0.58 0.59 0.61
Point form (this work) 0.76 0.72 0.72 0.72
Table 7.3: Form factors at q2 = 0 for the B → D∗ transition obtained
within the light-front quark model in Ref. [33] in the frames where the re-
coiling daughter moves in the positive z-direction (“+” frame) and negative
z-direction (“−” frame) in comparison with the results obtained in the point
form.
B → K∗ V (0) A0(0) A1(0) A2(0)
Front form [33] 0.35 0.32 0.26 0.23
Point form [this work] 0.36 0.33 0.32 0.31
Table 7.4: Form factors at q2 = 0 for the B → K∗ transition obtained within
the front-form quark model in the frame where where the recoiling daughter
moves in the positive z-direction , i.e. “+” frame, and in the point form of
relativistic quantum mechanics.
D → K∗ V (0) A0(0) A1(0) A2(0)
Front form [33] 0.87 0.71 0.62 0.46
Point form [this work] 0.87 0.70 0.71 0.73
Table 7.5: Same comparison as in Table 7.4 but for the B → K∗ transition.
B → ρ V (0) A0(0) A1(0) A2(0)
Front form [33] 0.30 0.28 0.20 0.18
Point form [this work] 0.31 0.28 0.27 0.26
Table 7.6: Same comparison as in Table 7.4 but for the B → ρ transition.
D → ρ V (0) A0(0) A1(0) A2(0)
Front form [33] 0.78 0.63 0.51 0.34
Point form [this work] 0.80 0.63 0.64 0.64
Table 7.7: Same comparison as in Table 7.4 but for the D → ρ transition.
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Figure 7.4: B → D∗ transition form factors in the whole range 0 ≤ q2 ≤
(MB −MD∗)2. Parameters for the quark masses and harmonic-oscillator
wave functions are taken from Tables 6.1 and 7.1 respectively. For the meson
masses the current values given by the Particle Data Group are taken [56].
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Figure 7.5: B → K∗ transition form factors in the whole range 0 ≤ q2 ≤
(MB −MK∗)2. Parameters for the quark masses and harmonic-oscillator
wave functions are taken from Tables 6.1 and 7.1 respectively. For the meson
masses the current values given by the Particle Data Group are taken [56].
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Figure 7.6: D → K∗ transition form factors in the whole range 0 ≤ q2 ≤
(MD −MK∗)2. Parameters for the quark masses and harmonic-oscillator
wave functions are taken from Tables 6.1 and 7.1 respectively. For the meson
masses the current values given by the Particle Data Group are taken [56].
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Figure 7.7: B → ρ transition form factors in the whole range 0 ≤ q2 ≤
(MB−Mρ)2. Parameters for the quark masses and harmonic-oscillator wave
functions are taken from Tables 6.1 and 7.1 respectively. For the meson
masses the current values given by the Particle Data Group are taken [56].
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Figure 7.8: D → ρ transition form factors in the whole range 0 ≤ q2 ≤
(MB−Mρ)2. Parameters for the quark masses and harmonic-oscillator wave
functions are taken from Tables 6.1 and 7.1 respectively. For the meson
masses the current values given by the Particle Data Group are taken [56].
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7.4 Conclusions and outlook
In this chapter numerical results for a simple harmonic-oscillator wave func-
tion with different harmonic-oscillator parameters for each meson have been
presented in the range 0 ≤ q2 ≤ (M1 −M2)2. Form factors are extracted
without ambiguity for both, pseudoscalar-to-pseudoscalar and pseudoscalar-
to-vector meson transitions.
The harmonic-oscillator wave function seems still to be too simple to do
quantitative predictions that can be compared with experiments, but qual-
itative features of the point form approach can be studied numerically. To
compare with, analogous calculation in the front-form approach have been
considered. While in the front form the obtained results for pseudoscalar-
to-vector transitions exhibits a certain dependence on the reference frame,
i.e. on whether the recoiling daughter moves in the positive or negative
z-direction relative to the parent meson, in the point form all form factors
are determined unambiguously.
In the heavy-quark limit, as was shown in Chap. 6, point-form and front-
form calculations yield the same numerical result for the Isgur-Wise function.
This equivalence is possible because in the heavy-quark limit nonvalence
contributions in the form of Z-graph vanish. For finite heavy-quark masses,
the point form and the front form are not equivalent, since the role that the
Z-graph contributions play in either approach differs. This is shown by the
numerical results presented in this chapter. The non-valence contributions
enter in a different way in the point and in the front forms.
As long as Z-graph contributions are not introduced, it will be not pos-
sible to give a full answer in the whole q2-range. It will be the subject of
future work to introduce non-valence contributions in the coupled channel
approach and to investigate how they affect the form factors. Similar studies
on this subject have been carried out already in the front form [36]. Like in
Ref. [36] an estimate on Z-graph contributions within our approach could
be obtained by calculating the transition form factors in the space-like re-
gion, where one can go into the infinite-momentum frame and continue those
results analytically to the time-like momentum-transfer region. The differ-
ence with the present calculation should then give an estimate of the size of
Z-graph contributions.
Chapter 8
Dynamical binding forces
8.1 Introduction
So far we have considered two-body states that are bound by instantaneous
forces. In this chapter we will have a look at binding forces that are caused
by dynamical particle exchange. Taking into account the retardation effects
of the exchange particle requires the introduction of more channels in the
mass eigenvalue problem. We will illustrate this with a simple example. We
consider the deuteron as a system of two nucleons which interact via σ- and
ω-exchange, i.e. a Walecka type model [62]. This is part of a benchmark
calculation initiated during a workshop at ECT* Trento in 2009 with the
goal of comparing relativistic effects as resulting from different approaches
using common parameters. The starting point was nonrelativistic quantum
mechanics [20, 63] with the static approximation of σ- and ω-exchange to
compute the common parameters. This provided the first step for the in-
vestigation of relativistic effects in different approaches. Here we make a
next step towards the understanding of the role that relativity plays in the
description of electromagnetic properties of strongly bound states.
Dynamical meson exchange gives rise to relativistic corrections. These
corrections will not only change the binding energy of the deuteron, they
also modify the bound-state wave function and hence the electromagnetic
properties of the deuteron as tested in electron-deuteron scattering. The
photon exchanged between the electron and the deuteron can resolve the
internal structure of the bound state. Its coupling to the nucleons may
take place during the meson exchange and furthermore, if the exchanged
mesons are charged, the photon can also couple to them. Such meson-
exchange currents become important at momentum transfer squared of a
few GeV2. In order to account for these processes a consistent relativistic
description for both, the bound-state wave function and for the electron-
deuteron scattering amplitude, is necessary. In the following we will present
an appropriate theoretical framework and we will give the numerical solution
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for the relativistic wave function as resulting from the dynamical boson-
exchange responsible for the binding in the Walecka model.
8.2 The Walecka model
The interaction term of the Lagrangian density in the Walecka model is
given by
Lˆint = gσ ˆ¯ψN ψˆN σˆ + igω ˆ¯ψNγµψˆN ωˆµ + fω
4mN
ˆ¯ψNσµνψˆN (∂
µωˆν − ∂ν ωˆµ), (8.1)
where ψˆN (x) is the nucleon field of mass mN , σˆ(x) is a neutral scalar meson
field of mass mσ and ωˆ(x) a neutral vector meson field of mass mω. The
σ-exchange is responsible for the binding of the nucleons, while the ω is
associated to repulsive effects. The Walecka model requires regularization.
We introduce Pauli-Villars particles [64] which we call σPV and ωPV , with
masses Λσ and Λω, respectively. The Lagrangian density terms of this fields
have identical form to the ones corresponding to the physical particles but
are multiplied by a factor i.
The notation used in this chapter will be: capital N for “nucleon” and
lower-case n and p for “neutron” and “proton”, respectively. The parameters
calculated in the static approximation [20, 63] will be used in the following.
They are shown in Table 8.1.
Parameters Biernat et al. [20, 63] [20, 63] no PV
EB (MeV) -2.224575 -3.36772
at (fm) 5.4151 4.58658
g2σ/4π 6.31 6.31
g2ω/4π 18.617 18.617
mσ (MeV/c
2) 400 400
mω (MeV/c
2) 782.7 782.7
Λσ (MeV/c
2) 1000 ∞
Λω (MeV/c
2) 1500 ∞
Table 8.1: Walecka model parameters considered for the numerical calcu-
lations of this chapter. Masses and coupling constants were chosen such
that the deuteron binding energy EB and the scattering length at are re-
produced [20, 63]. In accordance with realistic models the tensor coupling
of the ω is neglected, i.e. fω = 0.
The next step to understand the role of relativity in the description of
two-body bound states requires to abandon the static approximation and
to take the dynamics of the exchanged particles fully into account. For
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the sake of simplicity we will still consider the ω-meson exchange, which
provides the short-range repulsion, in the static limit; only the retardation
of the σ-exchange, which is responsible for the binding, will be taken into
account. The fact that in this model we consider only neutral mesons makes
the problem much simpler since the photon cannot couple to them. We will
study the relativistic effects that are due to the retardation of the σ-meson.
8.3 The deuteron bound-state problem
We present in this section the bound-state problem from which the deuteron
wave function will be obtained. The deuteron wave function for our Walecka-
type model was already computed numerically by Biernat [20, 63] using the
point-form approach in the approximation where the σ- and ω-exchanges
were instantaneous [20, 63]. Let us first consider the generalization in
which both, the σ- and the ω-exchange, are treated dynamically. The mass-
eigenvalue equation for the 2-nucleon system in this case can be formulated
as the following coupled-channel problem:
 Mˆnp Kˆσ KˆωKˆ†σ Mˆnpσ 0
Kˆ†ω 0 Mˆnpω



 |ψnp〉|ψnpσ〉
|ψnpω〉

 = m

 |ψnp〉|ψnpσ〉
|ψnpω〉

 . (8.2)
The vanishing matrix elements impose the condition that no more than one
meson can be exchanged simultaneously. Applying a Feshbach reduction
one obtains the reduced eigenvalue equation for the 2-nucleon component
we want to solve:
Mˆnp|ψnp〉+Kˆσ(m−Mˆnpσ)−1Kˆ†σ|ψnp〉+Kˆω(m−Mˆnpω)−1Kˆ†ω|ψnp〉 = m|ψnp〉.
(8.3)
For simplicity, we will allow retardation only for the σ-exchange and we will
keep the static limit in the ω-exchange. In the approximation where the
ω-exchange is instantaneous, Eq. (8.3) can be written as (see also Fig. 8.1)1:(
Mˆnp + Vˆ
inst
ω + Kˆσ(m− Mˆnpσ)−1Kˆ†σ
)
|ψnp〉 = m|ψnp〉. (8.4)
The mass operators Mˆnp and Mˆnpσ account for the relativistic kinetic ener-
gies of the free particles, i.e.
Mˆnp|v;~kp, µp;~kn, µn〉 =
(
ωkp + ωkn
) |v;~kp, µp;~kn, µn〉, (8.5)
Mˆnpσ|v;~kp, µp;~kn, µn;~kσ〉 =
(
ωkp + ωkn + ωkσ
) |v;~kp, µp;~kn, µn;~kσ〉. (8.6)
1For simplicity we have here neglected the Pauli-Villar particles. In the numerical
calculations they are taken into account.
80 CHAPTER 8. DYNAMICAL BINDING FORCES
We are now interested in bound-state solutions of Eq. (8.4), which have
the quantum numbers of the deuteron. |ψnp〉 is thus a 1-particle veloc-
ity state with the (discrete) quantum numbers αD of the deuteron, i.e.
|ψnp〉 = |v;αD〉. Since neither the instantaneous ω-exchange nor the scalar
σ-exchange can couple s- and d-waves, our deuteron is still a pure s-wave
bound state. This means that the matrix element 〈v;~kp, µp;~kn, µn|ψnp〉 can
be written in the form:
〈v;~kp, µp;~kn, µn|ψnp〉 =(2π)9/2v0δ3(~v − ~v)
√
2
mD
√
2ωkn2ωkp
(ωkn + ωkp)
3
× C1µD1
2
µn
1
2
µp
uD(|~kp|)Y00(kˆp). (8.7)
Multiplying Eq. (8.4) by 〈v;~kp, µp;~kn, µn| and using this relation one obtains
the integral equation for the deuteron wave function:
(
ωkp + ωkn
)
u˜D(|~k|)+
∫
d3k′
(2π)3
(
v˜Nωint (
~k,~k′) + v˜Nσint (~k,~k
′)
)
u˜D(|~k′|) = mDu˜D(|~k|)
(8.8)
with
v˜Nωint (
~k,~k′) =
g2ω
(~k − ~k′)2 +m2ω
− g
2
ω
(~k − ~k′)2 + Λ2ω
, (8.9)
v˜Nσint (
~k,~k′) =
(
ωk′p
ωkp
)3/2 ∑
µ′pµ
′
n
u¯µn(
~kn)uµ′n(
~k′n)
2ωk′n
u¯µp(
~kp)uµ′p(
~k′p)
2ωk′p
×
(
g2σ
ωkσ(mD − ωkp − ωk′p − ωkσ)
− g
2
σ
ωkσPV (mD − ωkp − ωk′p − ωkσPV )
)
.
(8.10)
where the notation u˜D(|~k(′)|) := (ωk(′)p )
−1/2uD(|~k(′)|) and ~k := ~kp = −~kn,
has been used. Note that now the kernel depends on the eigenvalue mD.
The problem can be solved numerically using Gaussian quadrature, fol-
lowing analogous steps as in Refs. [20, 65, 63]. The wave-function solution of
the integral equation will be used for the calculation of transition amplitudes
and currents analogously to Chaps. 3 and 4. uD(|~k|) has to be appropriately
normalized such that
〈ψnp|ψnp〉+ 〈ψnpσ|ψnpσ〉 = (2π)3 2
m2D
v0δ3(~v′ − ~v), (8.11)
where ~v′ is the velocity of the bra and ~v the one of the ket. To compute
|ψnpσ〉, one can use:
|ψnpσ〉 = (mD −Mnpσ)−1 Kˆ†|ψnp〉, (8.12)
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which follows from Eq. (8.2). Hence the matrix element〈v;~kp, µp;~kn, µn;
~kσ|ψnpσ〉 can be expressed in terms of the deuteron wave function uD(|~kp|).
The analytical expression is given in App. D.1.1.
Figure 8.1: Graphical representation of the one-boson exchange kernel oc-
curring in the deuteron bound-state problem (cf. Eq. (8.4)). There is a
repulsive core described by an instantaneous ω-exchange. The attraction is
provided by σ-exchange. The σ-dynamics is fully taken into account.
8.4 The electron-deuteron scattering problem
The bound-state wave function obtained in this manner will be used in the
coupled-channel problem that describes electron-deuteron scattering. The
corresponding mass-eigenvalue problem needs 4-channels:

Mˆenp + Vˆ
inst
ω Kˆγ Kˆσ 0
Kˆ†γ Mˆenpγ + Vˆ instω 0 Kˆσ
Kˆ†σ 0 Mˆenpσ Kˆγ
0 Kˆ†σ Kˆ
†
γ Mˆenpγσ




|ψenp〉
|ψenpγ〉
|ψenpσ〉
|ψenpγσ〉

 = m


|ψenp〉
|ψenpγ〉
|ψenpσ〉
|ψenpγσ〉

 .
(8.13)
The diagonal part represents the kinetic energy of the free particles plus
instantaneous forces. Here the eigenvalue is m = ωe+ωD. In analogy to the
electron-meson scattering problem, the system of equations can be reduced
to a single equation for the |ψenp〉 state
{MˆeD +
+ Kˆγ(m− MˆeDγ)−1Kˆ†γ
+ Kˆγ(m− MˆeDγ)−1Kˆσ(m− Mˆenpσγ)−1Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ
+ Kˆσ(m− Mˆenpσ)−1Kˆγ(m− Mˆenpσγ)−1Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ
+ Kˆσ(m− Mˆenpσ)−1Kˆγ(m− Mˆenpσγ)−1Kˆ†σ(m− MˆeDγ)−1Kˆ†γ
+ Kˆσ(m− Mˆenpσ)−1Kˆγ(m− Mˆenpσγ)−1Kˆ†σ(m− MˆeDγ)−1
×Kˆσ(m− Mˆenpσγ)−1Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ}|Ψenp〉 = m|Ψenp〉,
(8.14)
where the following notation has been used:
MˆeD := Mˆenp + Vˆ
inst
ω + Kˆσ(m− Mˆenpσ)−1Kˆ†σ. (8.15)
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Now MˆeD and MˆeDγ have eigenstates
MˆeD |v;~ke, µe;~kD, µD〉 = (ωke + ωkD) |v;~ke, µe;~kD, µD〉, (8.16)
MˆeDγ |v;~ke, µe;~kD, µD;~kγ , µγ〉 = (ωke + ωkD + ωkγ) |v;~ke, µe;~kD, µD;~kγ , µγ〉.
(8.17)
with ωkD =
√
m2D +
~k2D, ωke =
√
m2e +
~k2e , and ωkγ = |~kγ |.
Eq. (8.14) describes the electron-deuteron scattering process in analogy
to what was done for two-body systems that are bound by instantaneous
confining forces. Now, however, the binding is generated by the dynamical σ-
exchange, which leads to additional terms in the 1-photon-exchange optical
potential. In the following we will discuss those terms. By the replacement
(8.15) one absorbs the sigma exchange into the deuteron wave function.
8.4.1 Graphical representation
One-body currents
The first term in Eq. (8.14) represents the kinetic energy of the electron-
deuteron system, with the deuteron binding being determined by dynamical
σ-exchange and an instantaneous ω-exchange. The other terms in Eq. (8.14)
represent the 1-photon-exchange potential and thus determine the electro-
magnetic deuteron current. For instance, the second term
Kˆγ(m− MˆeDγ)−1Kˆ†γ (8.18)
has the same form as the optical potential in Eq. (3.10) for the case of
systems which are bound by an instantaneous potential. It gives rise to the
four time-ordered contributions that are sketched in Fig. 8.2. The gray ovals
represent the deuteron. Already these graphs contain ralativistic corrections
which go beyond instantaneous binding forces, namely the retardation effect
of the σ in the deuteron wave function. As in Sec. 3 the electromagnetic
deuteron current extracted from these graphs is a one-body current.
Exchange currents
In the following we discuss those contributions to electron-deuteron scat-
tering which give rise to the, so-called, exchange currents. These are the
terms in the optical potential that describe the coupling of the photon to
the nucleons during the σ-meson exchange. Figures 8.3 and 8.4 are graphical
representations of (part of) the photon and σ-exchanges described by the
third and fifth terms in Eq. (8.14). Initially, a σ-meson is emitted by one of
the nucleons, the enpσ-system propagates freely until a photon is emitted
by one of the nucleons; then the enpσγ-system propagates freely until the
σ-meson is absorbed by the second nucleon. Finally, the deuteron-bound
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state propagates together with the photon and the electron, until the pho-
ton is absorbed by the electron. The fourth term (see Fig. 8.5) represents
the case in which the whole γ-exchange (emission and absorption) occurs
during the σ-exchange process.
A representative example of a one-photon-exchange graph corresponding
to the sixth term is given in Fig. 8.6. The significance of this type of graphs is
still not clear to us. They could be necessary to get the correct normalization
of the deuteron form factors at the end. Therefore we will concentrate on
the graphs shown in Figs. 8.2-8.4.
Electromagnetic self-energy graphs in which the photon is emitted and
absorbed by the same particle (electron or nucleon) are also contained in
Eq. (8.14). But they are not of interest here, because they do not contribute
to photon-exchange between the electron and the deuteron. More interest-
ing, however, are those graphs in which the σ is emitted and reabsorbed
by the same nucleon while the photon couples to the nucleon. There are
also contained in Eq. (8.14) and represent strong vertex correction to the
photon-nucleon vertex. Such corrections, however, should, at least partly,
be contained in the electromagnetic nucleon form factors. We therefore omit
them here too.
Figure 8.2: Graphical representation of the one photon exchange in electron-
deuteron scattering corresponding to the term (8.18) of the optical potential.
The sketch represents the four possible time orderings of this particular
contribution, where the photon-nucleon coupling occurs during the time
in which no σ-meson exchange takes place. The bound state, however,
represented by the gray oval, accounts for the dynamical exchange given by
the σ-potential, as well as for the instantaneous one corresponding to the ω.
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Figure 8.3: Graphical representation of the one-photon exchange in electron-
deuteron scattering corresponding to the term Kˆγ(m − MˆeDγ)−1Kˆσ(m −
Mˆenpσγ)
−1Kˆ†γ(m − Mˆenpσ)−1Kˆ†σ in the optical potential (8.14). Graphs in
which the photon couples to the neutron are not shown.
Figure 8.4: Graphical representation of the one-photon exchange in electron-
deuteron scattering corresponding to the term Kˆσ(m − Mˆenpσ)−1Kˆγ(m −
Mˆenpσγ)
−1Kˆ†σ(m − MˆeDγ)−1Kˆ†γ in the optical potential (8.14). Graphs in
which the photon couples to the neutron are not shown.
Figure 8.5: Graphical representation of the one-photon exchange in electron-
deuteron scattering corresponding to the term Kˆσ(m − Mˆenpσ)−1Kˆγ(m −
Mˆenpσγ)
−1Kˆ†γ(m − Mˆenpσ)−1Kˆ†σ in the optical potential (8.14). Graphs in
which the photon couples to the neutron are not shown.
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Figure 8.6: Graphical representation of the one-photon exchange in electron-
deuteron scattering corresponding to the term Kˆσ(m − Mˆenpσ)−1Kˆγ(m −
Mˆenpσγ)
−1Kˆ†σ(m− MˆeDγ)−1Kˆσ(m− Mˆenpσγ)−1Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ in the
optical potential (8.14). Graphs in which the photon couples to the neutron
and in which the time orderings of the γ- and σ-exchanges are reversed are
not shown.
8.4.2 Currents and form factors
In this section we present the analytical expression for the electromagnetic
currents as extracted from the one-photon-exchange optical potential in
Eq. (8.14) (see also Figs. 8.2-8.6). Two kinds of contributions to the current
can be distinguished from the discussion presented above, namely the one
corresponding to one-body currents, i.e. those contributions where the ex-
changed σ is in the deuteron wave function, and those in which σ-exchange
happens at the same time as the photon exchange; these are called exchange
currents. Some remarks on the covariance and cluster separability properties
of these currents and form factors will be discussed.
One-body currents
The transition amplitude is computed exactly in the same way as it was
done for the case of mesons (cf. Chap. 3):
〈v′;~k′e, µ′e;~k
′
D, µ
′
D
|Kˆγ(m− MˆeDγ)−1Kˆ†γ |v;~ke, µe;~kD, µD〉
= v0δ(~v
′ − ~v) (2π)
3√
(ωk′e + ωk′D)
3(ωke + ωkD)
3
×e u¯µ′e(~k′e)γµuµe(~ke)︸ ︷︷ ︸
jµe
(−gµν)
Q2
|e| (Jνp + Jνn)︸ ︷︷ ︸
Jν
D
, (8.19)
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with the proton current
Jνp (
~k′D, µ
′
D;
~kD, µD) =
√
ωk′DωkD
∫
d3k˜′p
ωkp
√
ωkp
ωk′p
√
mnp
m′np
×
∑
µ′pµnµp
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u¯µ′p(
~k′p)Γ
ν
puµp(
~kp) u
∗
D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp)
×C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)]
D
1/2
µpµ˜p
[
RW
(
k˜p
mp
, Bc (vnp)
)]
×C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
.
(8.20)
An analogous expression is obtained for the neutron current. The ΓµN in the
nucleon current contains the nucleon structure:
ΓµN :=
(
F1N (Q
2)γµ + F2N (Q
2)
iqνσ
νµ
2mN
)
, N = n, p. (8.21)
where F1N (Q
2) and F2N (Q
2) are the electromagnetic form factors of the
active nucleon, either the proton or the neutron, and qµ = (k′µN − kµN ),
σµν = i2 (γ
µγν − γνγµ). For the calculations presented here we will later
on consider the nucleons as point-like particles, using F1p(Q
2) = 1 and
F2p(Q
2) = 0 for the proton, and F1n(Q
2) = F2n(Q
2) = 0 for the neutron.
This is Γµ → γµ and the photon coupling to the neutron vanishes.
Exchange currents
There are several terms in the potential (8.14) that contribute to the ex-
change currents we want to analyze in this chapter. They correspond to the
case in which the photon couples to one of the nucleons while the process
of σ-exchange, that keeps the system bound, takes place. The interaction
between the nucleons should show up in the structure of the system, affect-
ing therefore the form factors. The photon feels not only the interaction of
the particle to which it couples since it is transfered to a system of three
particles, one of them providing the binding interaction. We will present
here first the analytical result for the exchange current corresponding to the
third term in Eq. (8.14). It yields four graphs, two of them are illustrated in
Fig. 8.3. We will explain the way how to extract the rest of them, which is
straightforward with the correct interpretation of the diagrams shown in the
previous section. Matrix elements of this term of the optical potential have
the same structure as Eq. (8.19), but now the constituent current is much
more complicated. One contribution that comes out from the third term in
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Eq. (8.14), namely the one corresponding to the left panel in Fig. 8.3 reads
Jµ,exp (
~k′D, ~kD;µ
′
D, µD) =
√
2ωkD2ωk′D
∫
d3k˜′p
∫
d3q˜
2ωkσ
√
mnp
m′np
√
ωkn
ωk′n
×
(
1
m− ωke − ωk′′p − ωk′n − ωkσ − ωkγ
)(
1
m− ωke − ωkp − ωk′n − ωkσ
)
×
∑
µ′pµnµp
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u¯µ′p(
~k′′p)Γνuµp(~kp)
2ωkp
g2σ
u¯µ′p(
~k′p)uµ′p(~k
′′
p)
2ωk′′p
u¯µn(
~k′n)uµn(~kn)
2ωkn
× C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)]
D
1/2
µpµ˜p
[
RW
(
k˜p
mp
, Bc (vnp)
)]
× C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
× u∗D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp), (8.22)
where ~˜q is defined as ~˜q := ~kp − ~k′p (see App. D.2.1). Interchanging primed
and unprimed variables one obtains the terms corresponding to the right
panel of Fig. 8.4. The right graph in Fig. 8.3 is is identical to the left one
except for the propagators. It is directly obtained by applying the changes
(m− ωke − ωk′′p − ωk′n − ωkσ − ωkγ)−1(m− ωke − ωkp − ωk′n − ωkσ)−1
→ (m− ωke − ωk′p − ωkn − ωkσ − ωkγ)−1(m− ωke − ωk′′p − ωkn − ωkσ)−1
(8.23)
and
u¯µ′p(
~k′′p)Γ
νuµp(
~kp) → u¯µ′p(~k′p)Γνuµp(~k′′p), (8.24)
u¯µ′p(
~k′p)uµ′p(
~k′′p) → u¯µp(~k′′p)uµp(~kp). (8.25)
From the obtained result, by interchanging primed and unprimed variables
one obtains the left graph in Fig. 8.4.
In addition to the integration over
~˜
k′p, a second integral appears, which
runs over the intermediate state ~˜k′′p , and accounts for the fact that momen-
tum is transfered by the σ-meson from one nucleon to the other. By a
change of variables one can go over to an integration over the momentum
transfer, which we call ~˜q. The change requires some work, because ~˜k′′p and
~˜q are defined in different reference frames. One has to transform
~˜
k′′p to ~k′′p
(see Eq. B.4), which is related to ~˜q by a simple translation.
It is not possible to combine all contributions in one term in a simple
way as it was done for one-body currents. However, we will see that this will
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not be a problem for our purpose, since in the infinite-momentum frame,
where the extraction of the form factors will be carried out (cf. Chap. 4),
the binding energy becomes negligible and every propagator reduces to the
same form, allowing to write the exchange currents as a one-term expression.
We will see this in the following section.
8.4.3 Properties of the currents
The description of our electromagnetic spin-1 current requires 11 covariants
and form factors (cf. Sec. 4.1.2). It is convenient to take the infinite mo-
mentum frame, i.e. s → ∞, in order to get rid of most of the spurious
contributions and to be able to determine the form factors from those ma-
trix elements of the current that contain only physical contributions. The
introduction of the σ-exchange does not alter the structure of the covariant
decomposition. It modifies instead the microscopic structure of the current.
The inclusion of these additional degrees of freedom might reduce, however,
the strength of the non-physical quantities. In order to check this, a numer-
ical study of the exchange currents and form factors is needed. In this work
we will provide the analytical prerequisites. In the following, we present ana-
lytical results for the exchange current as resulting in the infinite-momentum
frame. To do this study the kinematics of Eq. (4.4) (with α = D) is chosen
as a starting point. The infinite-momentum frame is then reached by taking
κD →∞.
The infinite-momentum frame
In the infinite-momentum frame the physical form factors can be extracted
from three independent matrix elements of the current, J011, J
0
1−1 and J
2
11
(see Sec. 4.1.2). The infinite-momentum frame reduces all and eliminates
some of the spurious contributions that appear due to the cluster problems
inherent in the Bakamjian-Thomas construction [3, 13, 20]. Here we give
the resulting current in the limit. It can be compared with the one-body
current, also obtained previously in Ref. [20]. For details of taking the limit
see App. D.2.2.
The momenta in the initial and final states are related by canonical
boosts (cf. Eq. (3.16) and App. A.1.1). This relation in the infinite momen-
tum frame is:
~˜kp →


k˜
′[1]
p −
(
1
2 −
k˜
′[3]
p
m′np
)
Q− q˜[1]
k˜
′[2]
p − q˜[2]
k˜
′[3]
p
mnp
m′np

 . (8.26)
Similarly, the free invariant np mass in the initial state can be written in
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terms of variables given in the final state:
m2np → Q2
m′np − 2k˜′[3]p
m′np + 2k˜
′[3]
p
+Q
4m′np
m′np + 2k˜
′[3]
p
(q˜[1] − k˜′[1]p ) +m′2np+
+
m′2np
m′2np − 4k˜′[3]2p
4
(
q˜[1](q˜[1] − 2k˜′[1]p ) + q˜[2](q˜[2] − 2k˜′[2]p )
)
, (8.27)
where the indices within brackets in k˜
(′)
p and ~˜q indicate the coordinate. It
is remarkable that for both expressions, ~˜kp and m
2
np, one recovers the corre-
sponding expressions in the case of one-body currents [20] by setting ~˜q = 0.
The momentum transfer ~˜q is completely arbitrary, i.e. all its components
can be different from zero. If one considers the photon-nucleon vertex, which
has four components, each of them depending on the initial and final spin
projections, one sees that the ~˜q enters only the first and second spatial com-
ponents.
Another relevant simplification concerns the propagators in Eq. (8.22).
The combinations of the propagators are different depending on the time
ordering. To obtain the transition amplitude that results from leading-order
covariant perturbation theory is not as simple as in the case of the one-
body current. However, in the infinite-momentum frame one sees that all
terms coming from the different time-orderings acquire the same form and
the propagators contain only the momentum transfers of the photon and
σ-meson. This can be understood if one keeps in mind that in the infinite-
momentum frame the binding energy becomes negligible in comparison with
the kinetic energies and thus, ωkD ∼ ωkp + ωkn .
To compute the physical deuteron form factors it will be only neces-
sary to consider the 0- and 2-components of the current (see Sec. 4.1.2 and
Refs. [20, 21]). For point-like nucleons the 0-component of the exchange
current J0,ex
µ′
D
µD
simplifies in the κD →∞ limit, to (cf. App. D.2.2 to see the
general expression for all components of the current):
lim
κD→∞
J0,ex
µ′
D
µD
=2κD
∫
d3k˜′n
4π
∫
d3q˜
√
mnp
m′np
g2σ
(
1
ωσ
)2 1
Q + ωσ
× Sµ′
D
µD u
∗
D(|~˜k′p|)uD(|~˜kp|), (8.28)
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with the spin factor
Sµ′
D
µD :=
∑
µ˜nµ˜pµ˜′nµ˜
′
p
C
1µ′
D
1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ˜p
[
R−1W
(
k˜′p
mp
, Bc
(
v′np
))
RW
(
k˜p
mp
, Bc (vnp)
)]
× C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
.
(8.29)
Form factors
The extraction of the form factors has to be done from the most general co-
variant decomposition of the current (cf. Sec. 4.1.2 and Ref.[20]). The most
general covariant decomposition requires 11 form factors, 4 of them dis-
appear completely in the infinite-momentum frame. The exchange-current
contributions to the three physical form factors F ex1 , F
ex
2 and G
ex
M can be
uniquely extracted from the matrix elements J0,ex11 , J
0,ex
1−1 and J
2,ex
11 (cf. Sec-
tion 4.1.2 and Ref. [20]). The expressions for the form factors obtained in
this way are then:
F ex1 (Q
2) := lim
κD→∞
f ex1 (Q
2, κD) = − lim
κD→∞
1
2κD
(
J0,ex11 + J
0,ex
1−1
)
=
∫
d3k˜′n
4π
∫
d3q˜
√
mnp
m′np
g2σ
(
1
ωσ
)2 1
Q + ωσ
× (S11 + S1−1) u∗D(|~˜k′p|)uD(|~˜kp|), (8.30)
F ex2 (Q
2) := lim
κD→∞
f ex2 (Q
2, κD) = −1
η
lim
κD→∞
1
2κD
J0,ex1−1
=
∫
d3k˜′n
4π
∫
d3q˜
√
mnp
m′np
g2σ
(
1
ωσ
)2 1
Q + ωσ
× S1−1 u∗D(|~˜k′p|)uD(|~˜kp|). (8.31)
The form factor GM is
GexM (Q
2) = − i
Q
lim
κα→∞
J2,ex11 . (8.32)
with η = Q
2
4m2
D
. Now we are in the position to start numerical studies. We
will provide numerical results for the relativistic wave function, deuteron
mass and binding energy and leave the detailed numerical analysis of form
factors and contributions of the exchange currents to future work.
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8.5 Numerical results: the bound-state problem
The numerical solution of the integral equation (8.8) for the deuteron wave
function uD(k) is shown in Fig. 8.7. The binding energy and the deuteron
mass, together with results from previous work using the nonrelativistic or
static approximations are quoted in Table 8.2.
100 200 300 400
k H MeV c L
0.02
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0.06
0.08
u H k L H MeV- 3  2 L
Dynamical exchange potential
Static , Rel . kinetic energy
Static
Figure 8.7: Solutions of the mass eigenvalue equation for the Walecka-type
model in the non-relativistic approximation, where the kinetic energy is
nonrelativistic and σ- and ω-exchange are taken in the static limit [20, 63]
(dashed line). It is to be compared with the same static approximation
but relativistic kinetic energy [20, 63] (dotted line) and with the final result
obtained within this work, were the kinetic energy is relativistic, the ω-
exchange is still static, but the σ-meson exchange is dynamical (solid line).
EB mD
Nonrelativistic approx. [63, 20] -2.224575 MeV 1875.61 MeV
Relativistic kinetic energy + static potential [63, 20] -2.73414 MeV 1875.44 MeV
Dynamical σ-exchange potential (this work) - 1.73192 MeV 1876.1 MeV
Table 8.2: Binding energies and deuteron masses in the Walecka-type model
for the static approximation of σ- and ω-exchange [20] (first and second rows)
with non-relativistic and relativistic kinetic energies, respectively. The third
row corresponds to the dynamical treatment of the binding σ-exchange.
The first row in Table 8.2 corresponds to the nonrelativistic approxima-
tion, where the parameters of the Walecka model were calculated in such a
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way that the experimental values for the binding energy and the scattering
length were reproduced. Replacing the kinetic energies of the nucleons by
the relativistic ones, and keeping the static approximation for the interac-
tions, one obtains the strongest binding energy, shown in the second row of
Table 8.2. The calculation carried out in this work shows the relativistic
effects that are due to the relativistic kinetic energies as well as the retarda-
tion of the σ-exchange (cf. Eq. (8.8)). The nucleons are less bound than in
the nonrelativistic case, with the absolute value of the binding energy being
approximately 22% smaller. The difference between our result and the one
in the second row of Table 8.2 is the relativistic effect that is exclusively due
to the retardation of the meson exchange, which reduces the binding energy
by about 37%.
The ω-exchange has been considered in the static approximation, as was
done in previous calculations. One can guess from the previous results that
the dynamical ω-exchange is less repulsive than the static approximation,
since in the nonrelativistic limit both, σ- and ω-terms, have the same struc-
ture with opposite signs. It is therefore expectable that treating also the
ω-exchange dynamically leads again to a stronger binding. Nevertheless, we
are not yet in the position to make a definitive conclusion since ω-exchange
includes also important spin effects. Regarding the wave function, as one
can see, the strongest binding leads to the broadest wave function. This
is reasonable, since the average constituent momentum is larger for strong
binding than for weak binding.
Chapter 9
Front-form chiral multiplets
In this chapter we will present the angular-momentum decomposition of chi-
ral multiplets in front form. This is an interesting application of the Clebsch-
Gordan coefficients of the Poincare´ group. We provide the unitary transfor-
mation that relates the qq¯ chiral basis {R; IJPC} with the nonrelativistic-
inspired {I;2S+1 LJ} classification scheme in a front-front form framework.
The following discussion can also be found in Ref. [45].
In relativistic composite systems the internal degrees of freedom trans-
form among themselves nontrivially under rotations [3]. Dirac’s forms of
dynamics [1], which are defined according to the way how the interactions
enter, lead to the definition of different kinds of spin bases. In relativistic
quantum mechanics, any kind of spin is fully defined by a certain type of
boost (cf. App. A.1.1). In this sense, one can speak about “forms” of dy-
namics even in the context of free systems or where the interactions can be
neglected, refering to a particular basis. In particular, we refer to spin bases,
on which spin states can be defined. We present an example in which the
three most important kinds of spin, i.e. canonical spins, helicity spins and
front-form spins, come into play in the angular momentum decomposition
of chiral states. This example shows the nontriviality of the description of
the angular momentum in relativistic composite systems, even in absence of
interactions.
9.1 Motivation
It has been shown in Ref. [66] that there is a unitary transformation that
relates the qq¯ chiral basis, usually represented as {R; IJPC}, and the {I;
2S+1LJ} basis, which regards the spin-orbit angular momentum coupling
used in nonrelativistic quantum mechanics. Here R is the index of the chiral
representation (R = (0, 0), (1/2, 1/2)a, (1/2, 1/2)b or (0, 1) + (1, 0)), I the
quantum number of isospin, and JPC indicates the total angular momentum
of the state with definite parity and charge. This allows one to write a
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particular state belonging to a chiral multiplet with quantum numbers JPC
as a superposition of states of the nonrelativistically-inspired {I;2S+1 LJ}
classification scheme.
A chiral state with definite parity |R; IJPC〉 can be decomposed as a
superposition of helicity states without definite parity |Jλ1λ2〉 through [66,
67]
|R; IJPC〉 =
∑
λ1λ2
∑
i1i2
χRPIλ1λ2C
Ii
(1/2)i1(1/2)i2
|i1〉|i2〉|Jλ1λ2〉, (9.1)
where i1(2) and λ1(2) are individual isospins and helicities respectively. The
coefficients χRPIλ1λ2 relate the helicity basis to the chiral basis with definite
parity in the state. They can be found in Refs. [66, 67]. CJMs1σ1s2σ2 are the
usual SU(2) Clebsch-Gordan coefficients.
Two-particle helicity states |Jλ1λ2〉 can be written in terms of vectors in
the {I;2S+1 LJ} basis once one knows the expression for the matrix elements
[68]
〈Jλ1λ2|2S+1LJ〉 =
√
2L+ 1
2J + 1
CSΛ(1/2)λ1(1/2)−λ2C
JΛ
L0SΛ. (9.2)
It represents the angular momentum coupling of a two-particle state with in-
dividual helicities λ1, λ2 (with Λ = λ1−λ2; this should not be confused with
the Lorentz-transformation matrix used in previous chapters) to a system
of total spin S and orbital angular momentum L.
Combining Eqs. (9.1) and (9.2) one finds
|R; IJPC〉 =
∑
LS
∑
λ1λ2
∑
i1i2
χRPIλ1λ2C
Ii
(1/2)i1(1/2)i2
|i1〉|i2〉
×
√
2L+ 1
2J + 1
CSΛ(1/2)λ1(1/2)−λ2C
JΛ
L0SΛ|2S+1LJ〉. (9.3)
As an example, the ρ-like state which belongs to the chiral multiplets |(0, 1)+
(1, 0); 11−−〉 and |(1/2, 1/2)b ; 11−−〉 can be represented as [66]
|(0, 1) + (1, 0); 11−−〉 =
√
2
3
|1;3 S1〉+
√
1
3
|1;3D1〉, (9.4)
|(1/2, 1/2)b ; 11−−〉 =
√
1
3
|1;3 S1〉 −
√
2
3
|1;3D1〉. (9.5)
Since both, the chiral and 2S+1LJ representations are complete for two-
particle systems with the quantum numbers I, JPC , the angular momentum
expansion is uniquely determined for each chiral state.
Chiral symmetry imposes strong restrictions on the spin and angular mo-
mentum distribution of a system. Such a decomposition has been used in
Ref. [69] to test the chiral-symmetry breaking of the ρ meson in the infrared,
and at the same time, to reconstruct its spin and orbital angular momentum
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content in terms of partial waves. This was achieved by using interpolators
that transform according to |(0, 1) + (1, 0); 11−−〉 and |(1/2, 1/2)b ; 11−−〉. If
chiral symmetry were not broken there would be only two possible chiral
states in the meson; while chiral symmetry breaking would imply a super-
position of both. The obtained result in Ref. [69] indicates that the qq¯
component of the ρ-meson in the infrared is indeed a superposition of the
|(0, 1)+ (1, 0); 11−−〉 and |(1/2, 1/2)b ; 11−−〉 chiral states, and therefore chi-
ral symmetry turns out to be broken. By using the transformations (9.4)
and (9.5) the partial wave content can be extracted, leading for the partic-
ular case of the ρ meson to a nearly pure 3S1 state [69]. This is an example
for a physical application of the angular-momentum decomposition given in
Eq. (9.3) (see also Refs. [66, 70]).
It is however, not the aim of this work to discuss problems in which the
chiral basis or its transformation can play a role as was done in Refs. [66, 69]
or [70], for instance. The problem we want to address here is more technical
and related to the transformation (9.3) itself. The unitary transformation
(9.3) was obtained in the instant form of relativistic quantum mechanics.
In this work we investigate the corresponding expression one should use in
the context of approaches that use light-front quantization [11] or front-
form relativistic quantum mechanics [3]. We pose the question whether the
transformation (9.3) is identical in any other form [1, 3] or if it is a special
feature of those that use canonical spin, such as the instant- or the point-
forms. The problem is not trivial since in relativistic composite systems the
internal degrees of freedom transform among themselves nontrivially under
rotations [3]. Relativity mixes spatial and temporal components and, as
a consequence, one is not allowed to treat boosts and angular momentum
separately in general. The election of a particular representation matters
and in some cases some of the symmetry properties of the Poincare´ group
might not be manifest. The front form is of special interest, since rotations
do not form a subgroup of the kinematical group and rotational invariance
is not manifest. On the other hand, front-form boosts form a subgroup of
the Poincare´ group and, as a result, the front-form Wigner rotation becomes
the identity [3].
In this work we will show that the unitary transformation derived in
Ref. [66] in instant form is indeed identical in the front form of relativistic
quantum mechanics. The argument resides in the fact that the generalized
Melosh rotation that transforms front-form spins to helicity ones, becomes
the identity when the mass goes to zero [71, 72, 73].
9.2 Instant-form decomposition
Due to rotational and translational invariance in nonrelativistic quantum
mechanics, the angular momentum coupling of two particles with individual
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spin and orbital angular momentum (~s1,~l1) and (~s2,~l2) to a composite sys-
tem of total spin and orbital angular momentum (~S, ~L) is easily realized by
using the SU(2) Clebsch-Gordan coefficients. Relativity involves, however, a
change of representation in which the single-particle momenta and spins are
replaced by an overall system momentum and internal angular momentum
[3]. It is customary to use the Clebsch-Gordan coefficients of the Poincare´
group [3].
The kind of spin vector can be fully determined through the choice of
a certain type of boost (cf. App. A.1.1). Canonical boosts are rotationless.
Spin vectors defined through canonical boosts have the advantage that in
the center-of-momentum frame they transform under rotations in the same
way as in nonrelativistic quantum mechanics and therefore for a composite
system one can find a direct decomposition in terms of SU(2) Clebsch-
Gordan coefficients. The reason is that in the canonical case the Wigner
rotation associated with a pure rotation turns out to be the rotation itself [3].
This does not hold in general. In the front form an angular momentum
decomposition in terms of Clebsch-Gordan coefficients requires additional
transformations.
Expression (9.2) can be achieved in a straightforward manner in the
instant-form of dynamics, as well as in any other form that uses canonical
spin. The derivation of (9.2) can be found in Ref. [68]. We will reproduce
it here in a basis for the two-particle representation space of the Poincare´
group in order to be able to refer the most important steps when we go to the
analogous decomposition in front form in the next section. We decompose
the spin part of a two-particle state with total canonical angular momentum
J and zˆ-component M , orbital angular momentum L and total spin S, in
terms of quantum numbers of the constituents in the center-of-momentum
frame (~P = ~0), where the relative momentum is expressed as ~k = ~k1 = −~k2,
|[LS]|~k|J ;~0M〉 =
∑
MLMS
∑
σ1σ2
∫
dkˆ |~kσ1 − ~kσ2〉CSMSs1σ1s2σ2YLML(kˆ) CJMLMLSMS ,
(9.6)
where |~kσ1−~kσ2〉 := |~kσ1〉|−~kσ2〉, s1(2) and σ1(2) are the individual canonical
spins and their zˆ-projections, respectively, and kˆ = ~k/|~k|.
Given a particular direction nˆ, the tensor product state can be written
as
〈nˆ|~kσ1 − ~kσ2〉 := ψs1σ1(~k)ψs2σ2(−~k)δ2(kˆ − nˆ), (9.7)
and one can introduce the wave function
ψJLSM (~k) := 〈nˆ|[LS]|~k|J ;~0M〉 (9.8)
=
∑
MLMS
∑
σ1σ2
ψs1σ1(
~k)ψs2σ2(−~k)CSMSs1σ1s2σ2YLML(kˆ) CJMLMLSMS .
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In order to express ψJLSM (~k) in terms of helicities one needs to transform
states with canonical spin to a basis of states with helicity spin. The uni-
tary transformation that provides this is a Wigner rotation whose argument
corresponds to the angle between the z-axis and the direction of motion
kˆ := ~k/|~k|
ψs1σ1(
~k) =
∑
λ1
D
(s1)
λ1σ1
(kˆ)ψs1λ1(
~k), (9.9)
ψs2σ2(−~k) =
∑
λ2
D
(s2)
−λ2σ2(kˆ)ψs2−λ2(
~k). (9.10)
Inserting these relations into Eq. (9.6) one gets
ψJLSM (~k) =
∑
MSML
∑
σ1σ2
∑
λ1λ2
D
(s1)
λ1σ1
(kˆ)ψs1λ1(
~k)D
(s2)
−λ2σ2(kˆ)ψs2−λ2(
~k)
×YLML(kˆ) CSMSs1σ1s2σ2 CJMLMLSMS . (9.11)
It is now convenient to write the spherical harmonics in terms of Wigner
D-functions1
YLML(kˆ) =
√
2L+ 1
4π
DL0ML(kˆ) (9.12)
in such a way that one can make use of the relation for the product of Wigner
D-functions with the same argument for axially symmetric systems [74],
D
(j1)
m′1m1
(wˆ)D
(j2)
m′2m2
(wˆ) =
∑
j
Cjm
′
j1m′1j2m
′
2
D
(j)
mm′(wˆ)C
jm
j1m1j2m2
, (9.13)
with m = m1 +m2, m
′ = m′1 +m
′
2, and wˆ accounting for the Euler angles.
This leads to
ψJLSM (~k) =
∑
λ1λ2
√
2J + 1
4π
DJΛMJ (kˆ)ψs1λ1(
~k)ψs2−λ2(~k)
×
√
2L+ 1
2J + 1
CSΛs1λ1s2−λ2C
JΛ
L0SΛ. (9.14)
The fact that the Wigner D-functions in Eq. (9.11) have the same ar-
gument is a particular feature of the instant form and it is restricted to the
rest frame [3].
It is now easy to identify the needed matrix elements as
ψJLSM(~k) =
∑
λ1λ2
ψJMλ1λ2(
~k)〈JMλ1λ2|2S+1LJM〉, (9.15)
1Our notation differs from Ref. [74] by a factor iL in the definition of the phase of the
spherical harmonics.
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with
ψJMλ1λ2(
~k) :=
√
2J + 1
4π
DJΛMJ (kˆ)ψs1λ1(
~k)ψs2−λ2(~k) (9.16)
and
〈JMλ1λ2|2S+1LJM〉 =
√
2L+ 1
2J + 1
CSΛs1λ1s2−λ2C
JΛ
L0SΛ. (9.17)
This permits the translation from two-particle helicity states with total an-
gular momentum J , to a state of overall orbital angular momentum L and
intrinsic spin S. The connection with chirality is immediately given by
Eq. (9.1).
9.3 Front-form decomposition
Equation (9.6) describes the angular momentum decomposition of a rep-
resentation of canonical spin into a superposition of representations with
canonical spin. Because in the front form rotations do not form a subgroup
of the kinematical group of the Poincare´ group, the decomposition (9.6) is
not feasible a priori. In order to analyze the coupling of two representations
with individual spin to a superposition of representations with total spin for
an arbitrary case in relativistic quantum mechanics, it is necessary to use
a consistent expression of the Clebsch-Gordan coefficients of the Poincare´
group [3]. Front-form angular momentum coupling is well known and it has
been widely applied to hadron and nuclear problems in front-form relativis-
tic quantum mechanics. A relation of the type (9.3), however, has not been
established yet in the front form. This is the aim of the present section.
In the following we will use the normalization and notation of Ref. [3].
The light-front components of the four-momentum are defined by ~˜p := (p+ =
p0 + p3, ~p⊥ = (p1, p2)), p− = p0− p3. |~˜pµ〉f represents a single particle state
belonging to the front-form basis (labeled by f), with zˆ-spin projection µ.
The expression for the Clebsch-Gordan coefficients of the Poincare´ group in
the front form for an arbitrary frame is given by [3]:
f 〈~˜p1µ1~˜p2µ2| [LS] |~k|J ; ~˜P M〉f
= δ( ~˜P − ~˜p1 − ~˜p2) 1|~k|2
δ(|~k(~˜p1, ~˜p2)| − |~k|)
∣∣∣∣∣ ∂(
~˜P,~k)
∂(~˜p1, ~˜p2)
∣∣∣∣∣
1/2
×
∑
σ1σ2
D(s1)µ1σ1 [Rfc(
~k,m1)]D
(s2)
µ2σ2 [Rfc(−~k,m2)]
×Y LML(~ˆk)CSMSs1σ1s2σ2CJMLMLSMS , (9.18)
where f 〈~˜p1µ1~˜p2µ2| represents a tensor-product state of two particles with
individual momenta ~˜p1 and ~˜p2 and spin zˆ-projections µ1 and µ2, respectively.
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The system of two particles moves with a total front-form momentum ~˜P
and the individual spins couple to give a total angular momentum J with
orbital and spin contributions [LS] in the rest frame in the canonical form,
and total angular momentum projection on the zˆ-direction, M . Finally,
~k = ~k1 = −~k2 is used to denote the individual momenta in the rest frame in
the canonical form, andm1 andm2 denote the individual constituent masses
(they should not be confused with the spin projections, which appear in
Roman in equation (9.13)). The arguments of the Wigner D-functions are
Melosh rotations which transform states with canonical spin to states with
front-form spin and vice versa. Note that the rotation depends on the mass
in general, producing a different effect on each constituent. Unless we are
dealing with a system of identical constituent masses (e.g. the chiral case),
we will not be able to use the properties of the D-function with the same
argument (cf. Eq. 9.13) as was done in the instant form.
The Clebsch-Gordan coefficient (9.18) is consistent with the normaliza-
tion condition for single states
f 〈~˜p′µ′|~˜pµ〉f = δ(~˜p − ~˜p′) δµµ′ (9.19)
and for state vectors of overall momentum ~˜P
f 〈[L′S′] |~k′|J ′; ~˜P ′M ′| [LS] |~k|J ; ~˜P M〉f (9.20)
= δM ′MδJ ′JδL′LδS′Sδ(P
′+ − P+)δ2(~P ′⊥ − ~P⊥)
1
|~k|2
δ(|~k| − |~k′|).
The problem now is to couple a state of total front-form angular mo-
mentum J and spin projection M , |[LS]|~k|, J ; ~˜P M〉f , to a tensor-product
state of two particles with individual spins described in terms of helicities
h〈~p1λ1~p2λ2|.
Irreducible representations with different types of spin are related to each
other through a unitary transformation [3]. The unitary transformation that
relates helicity spin to front-form spin becomes the identity for massless
particles [71, 72, 73]. This means:
|~˜p1µ1~˜p2µ2〉f m→0−→
∑
λ1λ2
|~˜p1λ1~˜p2λ2〉hδλ1µ1δλ2µ2 , (9.21)
where the subindex h labels helicity states. Light-cone spins and helicity
spins coincide in the chiral limit and one is allowed to make use of them
without distinction. Using (9.21) in (9.18), one obtains the Clebsch-Gordan
coefficient that couples two-particle helicity states to an overall state of the
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front-form basis,
h〈~˜p1λ1~˜p2λ2| [LS] |~k|J ; ~˜P M〉f
= δ( ~˜P − ~˜p1 − ~˜p2) 1|~k|2
δ(|~k(~˜p1, ~˜p2)| − |~k|)
∣∣∣∣∣ ∂(
~˜P,~k)
∂(~˜p1, ~˜p2)
∣∣∣∣∣
1/2
×
∑
σ1σ2
D
(s1)
λ1σ1
[Rhc(kˆ)]D
(s2)
λ2σ2
[Rhc(−kˆ)]
×Y LML(~ˆk)CSMSs1σ1s2σ2CJMLMLSMS . (9.22)
Now the Melosh rotations D
(s1)
λ1σ1
[Rhc(kˆ)] and D
(s2)
λ2σ2
[Rhc(−kˆ)] are equivalent
to the Wigner rotations and they only depend on the direction of ~k. They
have exactly the same significance as in Eq. (9.11): they transform canonical
spins into helicity spins. We are now in the position to write the expression
for the state in which we are interested:
| [LS] |~k|J ; ~˜P M〉f =
∑
λ1λ2
∫
d3p˜1d
3p˜2|~˜p1λ1~˜p2λ2〉h
×h〈~˜p1λ1~˜p2λ2| [LS] |~k|, J ; ~˜P M〉f , (9.23)
where 1 =
∑∫
d3p˜1d
3p˜2|~˜p1λ1~˜p2λ2〉h h〈~˜p1λ1~˜p2λ2| has been introduced.
Going now to the center-of-momentum frame, ~˜P = ~˜0 := (2p0, 0, 0, 0),
~˜p1 = −~˜p2 = ~˜k, we have
| [LS] |~k|J ; ~˜0M〉f =
∑
λ1λ2
∑
σ1σ2
∫
d~ˆk|~kλ1 − ~kλ2〉
×D(s1)λ1σ1 [Rhc(~ˆk)]D
(s2)
λ2σ2
[Rhc(−~ˆk)]
×Y LML(~ˆk)CSMSs1σ1s2σ2CJMLMLSMS . (9.24)
Choosing a particular direction of relative motion nˆ, the integral over dkˆ
can be carried out by means of
〈nˆ|~kλ1 − ~kλ2〉 := ψs1λ1(~k)ψs2λ2(−~k)δ(kˆ − nˆ) (9.25)
and we define
ψJLSM(~k) := 〈nˆ| [LS] |~k|J ; ~˜0M〉f
=
∑
λ1λ2
∑
σ1σ2
ψs1λ1(
~k)ψs2−λ2(~k)D
(s1)
λ1σ1
[Rhc(kˆ)]D
(s2)
−λ2σ2 [Rhc(kˆ)]
×Y LML(kˆ)CSMSs1σ1s2σ2CJMLMLSMS . (9.26)
Treating the spherical harmonics and the Wigner D-functions in the
same way as in the previous section one obtains
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ψJLSM (~k) =
∑
λ1λ2
ψJMλ1λ2(
~k)〈JMλ1λ2|2S+1LJM〉 (9.27)
with
ψJMλ1λ2(
~k) :=
√
2J + 1
4π
DJΛMJ (kˆ)ψs1λ1(
~k)ψs2−λ2(~k), (9.28)
and
〈JMλ1λ2|2S+1LJM〉 =
√
2L+ 1
2J + 1
CSΛs1λ1s2−λ2C
JΛ
L0SΛ. (9.29)
Having found (9.29), the validity of decomposition (9.3) is demonstrated.
Unlike in instant form, the combination of the Wigner D-functions would
not have been possible if we had considered particles of different masses.
Only in the chiral limit, or for equal masses, the eigenstates in the rest
frame transform in the same way as in nonrelativistic quantum mechanics.
Note that in general the coupling (9.18) involves rotations that depend on
the masses, namely D
(s1)
µ1σ1 [Rfc(~k,m1)] and D
(s2)
µ2σ2 [Rfc(−~k,m2)]. This would
have prevented the application of Eq. (9.13), since the D-functions would
not have the same arguments, and the dependence on the masses would have
entered the decomposition, making it impossible to write Eq. (9.26) in the
form of a product of (9.28) and (9.29). Moreover, a further rotation would
have been necessary in order to transform front-from spins to helicity spins,
which in the chiral limit turns out to be trivial by means of (9.21).
The result is that the decomposition (9.3) can also be used to expand
chiral states as a superposition of vectors of the {I;2S+1 LJ}-basis within a
front-form framework. They can be expressed as
|R; IJPC〉f =
∑
LS
∑
λ1λ2
∑
i1i2
χRPIλ1λ2C
Ii
(1/2)i1(1/2)i2
|i1〉|i2〉
×
√
2L+ 1
2J + 1
CSΛ(1/2)λ1(1/2)−λ2C
JΛ
L0SΛ|2S+1LJ〉f . (9.30)
To summarize, we have derived the unitary transformation that relates
the qq¯ chiral basis to the {I;2S+1 LJ}-basis in a front-form framework. The
result turns out to be the same as in instant form [66].
Spin vectors belonging to different representations can be related through
a unitary transformation [3]. We have used the feature of the generalized
Melosh rotation that relates helicity and front-form spins, which becomes
the identity for massless particles. The limit m → 0 eliminates the mass-
dependence in the Wigner D-functions making it possible to express the
product of D-functions with the same argument through a Clebsch-Gordan
series for axially symmetric systems. This simplifies the the Clebsch-Gordan
coefficient of the Poincare´ group to an easier expression, in terms of SU(2)
Clebsch-Gordan coefficients.
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As a last remark, let us also mention that it would have been possible
to develop such a decomposition for any type of spin. The Clebsch-Gordan
coefficients of the Poincare´ group for an arbitrary form are given in Ref. [3].
Proceeding in an analogous way as before, it is possible to see that again the
Wigner D-functions do not have the same argument, and it is not possible
to bring them together to an overall rotation by means of SU(2) Clebsch-
Gordan coefficients. Only in the chiral limit the rotations are again the
same. In general, a further transformation on such arbitrary spins into
helicity spins is necessary to establish the relation to chirality.
Chapter 10
Summary and conclusions
Heavy-light systems with instantaneous confining forces
The first goal of this project was to extend and generalize the previous work
on the electromagnetic structure of spin-0 and spin-1 two-body bound states
consisting of equal-mass particles [13, 19, 20] to unequal-mass constituents
and to weak decay form factors in the time-like momentum transfer region.
Working within the point form of relativistic quantum mechanics and using
a constituent-quark model with instantaneous confining forces we have de-
rived electroweak current matrix elements and (transition) form factors for
heavy-light mesons in the space- and time-like momentum-transfer regions.
Starting point of this derivation was a multichannel formulation of the phys-
ical processes in which these form factors are measured, i.e electron-meson
scattering and semileptonic weak decays. This formulation accounts fully
for the dynamics of the exchanged gauge boson (γ or W ). Poincare´ invari-
ance is guaranteed by adopting the Bakamjian-Thomas construction with
gauge-boson-fermion vertices taken from quantum field theory. Vector and
axial-vector currents of the mesons can then be uniquely identified from the
one-boson-exchange (γ or W ) amplitudes. These currents have already the
right Lorentz-covariance properties and the electromagnetic current of any
pseudoscalar meson is conserved. But wrong cluster properties, inherent in
the Bakamjian-Thomas construction [3], give rise to spurious dependencies
of the electromagnetic current on the electron momenta. For pseudoscalar
mesons these unwanted dependencies are eliminated by taking the invariant
mass of the electron-meson system large enough [13, 19, 20]. The resulting
electromagnetic form factor of a pseudoscalar meson is then equivalent to the
one obtained in front form from the +-component of a one-body current in
a q+ = 0 frame. The weak pseudoscalar-to-pseudoscalar and pseudoscalar-
to-vector transition currents are not plagued by such spurious contributions.
They can be expressed in terms of physical covariants and form factors with
the form factors depending on the (time-like) momentum transfer squared,
as it should be. In front form one observes some frame dependence of the
103
104 CHAPTER 10. SUMMARY AND CONCLUSIONS
B → D∗ decay form factors if they are extracted from the +-component of
a simple one-body current [33]. This is attributed to a missing non-valence
(Z-graph) contribution, which makes the triangle diagram, from which the
form factors are calculated, covariant [33, 36]. In the case of the point form
it is, of course, also not excluded that Z-graphs may play a role, but they
are not necessary to ensure covariance of the current, since Lorentz boosts
are purely kinematical and thus do not mix in higher Fock states.
Having derived comparably simple analytical expressions for the electro-
magnetic form factor of a pseudoscalar heavy-light meson and the B → D(∗)
decay form factors we discussed the heavy-quark limit. We found that the
decay form factors (multiplied with appropriate kinematical factors) go over
into one universal function, the Isgur-Wise function, as demanded by heavy-
quark symmetry. For the electromagnetic form factors we observed that
the heavy-quark limit does not completely remove the spurious dependence
on the electron momentum. One still has a spurious covariant and the
s-dependence of the form factors goes over into a dependence on the (com-
mon) modulus of the incoming and outgoing 3-velocities of the heavy meson.
This dependence on the modulus of the meson velocities vanishes by taking
it large enough. In the limit of infinitely large meson velocities we found a
rather simple analytical expression for the Isgur-Wise function which turned
out to be (apart from a change of integration variables) the same as the ex-
pression which we got from the decay form factors. Interestingly, we have
also got the same result for the Isgur-Wise function for the minimum value
of the meson velocities that is necessary to reach a particular value of v · v′
(the argument of the Isgur-Wise function). For minimum velocities it is not
possible to separate physical and spurious contributions since the respective
covariants become proportional. The dependence of the electromagnetic
pseudoscalar meson form factor on Mandelstam-s and the dependence of
the resulting Isgur-Wise function on the modulus of the meson velocities
may be interpreted as a frame dependence of the γ∗M → M subprocess.
The s → ∞ (velocities → ∞) limit corresponds to the infinite-momentum
frame, whereas minimum s (minimum velocities) corresponds to the Breit
frame. Our finding thus means that it does not matter whether we calculate
the Isgur-Wise function in the infinite-momentum frame or the Breit frame.
In the heavy-quark limit the results are the same and agree with the heavy-
quark limit of the decay form factors. Numerical agreement was also found
with the front-form calculation of Ref. [33].
As a first application and numerical check of our approach we have cal-
culated electromagnetic D+- and B− form factors, the B → D(∗) decay
form factors and the Isgur-Wise function with a simple (flavor independent)
Gaussian wave function. For the electromagnetic B− form factor and for the
B → D(∗) decay form factors the effect of heavy-quark symmetry breaking
due to finite physical masses of the heavy quarks turned out be 15 − 20%.
For the electromagnetic D+ form factor it rather amounted to about 60%.
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Discrepancies between the point and front-form approach show up as
soon as the decay form factors are calculated for finite, physical masses of the
heavy-quarks. We have also applied our formalism to several heavy-to-heavy
and heavy-to-light transition form factors using a flavor-dependent Gaussian
wave function and compared our results with the front-form calculation of
Ref. [33], with identical parameters. For finite quark masses differences
between the front-form and the point-form approach are observed. These
differences increase with decreasing quark masses. Most likely, they can
be attributed to the different roles played by Z-graphs, i.e. non-valence
contributions, in either approach. In the heavy-quark limit Z-graphs do not
contribute to the current, neither in the front form nor in the point form,
which explains why the results agree for the Isgur-Wise function. For finite
quark masses, however, the inclusion of Z-graphs seems to be crucial for the
frame independence of the decay form factors in front form, whereas it is
not the case in the point form (as discussed above).
Our approach is general enough to deal with additional dynamical de-
grees of freedom, such that it is possible to consider non-valence Fock-state
contributions in the meson [41]. It will be the topic of future work to in-
vestigate the role of Z-graph contributions, which indeed can be easily ac-
commodated within our multichannel approach. It could help to reduce the
spurious dependencies of the electromagnetic current on the electron mo-
menta. It might explain, e.g., the discrepancy between the electromagnetic
form factors calculated in the infinite-momentum frame and in the Breit
frame for the B− and D+ mesons (see Fig. 6.5).
To conclude this part, we have presented a relativistic point-form formal-
ism for the calculation of the electroweak structure of heavy-light mesons
within constituent quark models with instantaneous confining forces. This
formalism provides the electromagnetic form factor of pseudoscalar heavy-
light systems for space-like momentum transfers and weak pseudoscalar-to-
pseudoscalar as well as pseudoscalar-to-vector decay form factors for time-
like momentum transfers. It exhibits the correct heavy-quark-symmetry
properties in the heavy-quark limit.
Dynamical binding forces
Another goal of this thesis was to generalize the point-form approach to
systems that are bound by dynamical particle-exchange. We have consid-
ered relativistic effects coming from the retardation of a dynamical particle-
exchange interaction. We have investigated such retardation effects for
electron-deuteron scattering taking a Walecka-type model for the deuteron,
where the binding is caused by σ- and ω-exchanges. With the approxi-
mation that only the σ-exchange is considered dynamically, whereas the
ω-exchange is still taken in the static limit, we have obtained the relativistic
wave function for the deuteron and we have studied the relativistic effects
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that modify the binding energy as compared with the static approximation
of the σ-exchange [20, 63]. The retardation of the σ reduces the bind-
ing energy and enhances the small-k part of the wave function. The next
goal would be to examine how large the effects of exchange currents to the
form factors are and whether they restore (partly) the cluster properties and
reduce the spurious form factors as sometimes suspected.
Chiral multiplets in relativistic quantum mechanics
Because in relativistic composite systems the internal degrees of freedom
transform among themselves nontrivially under rotations, we have empha-
sized the importance of considering the Clebsch-Gordan coefficients of the
Poincare´ group in the spin coupling of relativistic composite systems [3].
The Clebsch-Gordan coefficients of the Poincare´ group convert, through an
intermediate step, any kind of spin to canonical spin in the rest frame, in
such a way that they can be added using SU(2) Clebsch-Gordan coefficients.
Considering the Clebsch-Gordan coefficients of the Poincare´ group and
making use of the known property of the front-form spin, that becomes
equivalent to helicity in the chiral limit, we have presented the angular
momentum decomposition of chiral multiplets in an instant-form and in a
front-form basis. We have shown that such decompositions are identical
for massless particles. With such a unitary transformation it is possible
to relate the qq¯ chiral basis {R; IJPC} with the nonrelativistically-inspired
{I;2S+1 LJ} classification scheme as it was done in Ref. [69] for the purpose of
studying the angular momentum content of the rho-meson in lattice QCD.
Although such decompositions are possible in any other spin basis, they
are not identical to the both presented here in general, since an additional
rotation is necessary to establish the connection with chirality.
Appendix A
Notation and conventions
We present here some more details about the conventions and notations used
in this work. Some basic facts about the Poincare´ group and the covering
group of the Poincare´ group which we need repeatedly are summarized. The
appendix is not intended as detailed explanation on how to construct opera-
tors, etc., within relativistic quantum mechanics. For a more comprehensive
presentation we refer to Ref. [3], which we are following.
A.1 Notation
We use the Einstein convention on summation. Thereby repeated indices
are implicitly summed over (aibi :=
∑
i a
ibi ). Repeated Lorentz (Greek)
indices are used to express the scalar product in Minkowski space:
a · b := aµbµ = gµνaµbν = a0b0 − aibi, (A.1)
with µ, ν = 0, 1, 2, 3. Latin indices are reserved for the spatial vector com-
ponents. The metric tensor gµν of the Minkowski space is:
g00 = −g11 = −g22 = −g33 = 1. (A.2)
In general, the kinetic energy of a particle with mass m and 3-momentum
~k is represented as:
ωk :=
√
m2 + ~k2. (A.3)
The units we use are such that ~ = c = 1.
A.1.1 The Poincare´ group
A Poincare´ transformation on a 4-vector xµ belonging to the Minkowski
space is represented by
xµ → x′µ = Λµνxν + aµ, (A.4)
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where aµ is a constant 4-vector that represents a space-time translation and
Λµν is a constant (4 × 4)-matrix that represents a Lorentz transformation.
Λµν leaves the metric invariant:
gµν = ΛµρΛ
ν
σg
ρσ. (A.5)
The composition of two Poincare´ transformations is given by
(Λ2, a2) ◦ (Λ1, a1) = (Λ2Λ1,Λa1 + a2). (A.6)
and the inverse and identity are
(Λ, a)−1 = (Λ−1,−Λ−1a), I = (1, 0). (A.7)
Commuting self-adjoint operators
The only two commuting self-adjoint operators that can be constructed as
independent polynomial functions of the generators of the Poincare´ group,
and then be used to label irreducible representations of the Poincare´ group
are the square of themass operator Mˆ2 and the square of the Pauli-Lubansky
operator Wˆ 2 := −Mˆ2jˆ2, with jˆ2 being the total spin operator of the system.
They are the Casimir operators of the Poincare´ group and are defined as
follows:
Mˆ :=
√
PˆµPˆµ, Wˆ
µ := −1
2
εµαβγ PˆαJˆβγ , (A.8)
with Pˆµ being the generators of space-time translations and Jˆµν the anti-
symmetric tensor operator that contains the rotations and boost generators,
Jˆ i (= 12ǫ
ijkJˆ jk) and Kˆi (= Jˆ0i), respectively.
Boosts
There is an infinite number of vector valued functions of the generators that
satisfy the angular-momentum algebra and thus could serve as spin vectors.
It is thus necessary to specify the type of spin one refers to. The type of
spin can be distinguished by how they transform under Lorentz boosts. Any
kind of spin can be defined by a certain type of boost.
The boost operators B−1g (Vˆ )νµ (where Vˆ := Pˆ /Mˆ is the four-velocity
operator) represent Lorentz transformations that map Pˆµ to (Mˆ, 0, 0, 0) and
have the properties [3]:
Bg(Vˆ )
µ
ν(1, 0, 0, 0)
ν = Mˆ−1Pˆµ (A.9)
Bˆg(1ˆ, 0, 0, 0)
ν
µ = g
ν
µ (A.10)
These relations have to be understood as operator relations. The subscript g
denotes the type of boost used to define the spin. The most relevant types of
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boost are canonical boosts, Bc, helicity boosts, Bh, and front-form boosts,
Bf .
Canonical boosts are rotationless and are used in the instant form and in
the point form. The action of a canonical boost with 4-velocity vµ (rapidity
ω = arcsinh|~v|, vµvµ=1) on 4-vectors in Minkowski space is described by
the matrix:
Bc(v) :=
(
v0 ~vT
~v 1+ v
0−1
~v2 ~v~v
T
)
(A.11)
Helicity boosts are defined as a canonical boost in the zˆ-direction to the
velocity of desired magnitude |~v|, followed by a rotation to the axis that
defines the direction of the velocity (~ˆv = ~v/|~v|):
Bh(v) = R(zˆ → vˆ)Bc(|~v|zˆ). (A.12)
(the hat here denotes unitary vectors). Finally, front-form boosts are Lorentz
transformations that leave the light-front x+ = 0 invariant. They form a
subgroup of the Poincare´ group. Introducing light-cone coordinates a± =
(a+ ± a−) and a⊥ = (a1, a2), the action of a front-form boost on a 4-vector
a˜ = (a+, a⊥, a−), represented in these coordinates, is given by:
Bf (v) =
1√
v+

 v+ vT⊥ 0v⊥ 1 0
v2⊥/v
+ 2vT⊥/v
+ 1/v+

 (A.13)
Spin vectors
A spin vector of the type g is fully determined by the corresponding kind of
boost g, i.e.
(0,~ˆjg) :=
1
Mˆ
B−1g (Vˆ )
µ
νWˆ
ν . (A.14)
Using the inverse of the boost operator it is possible to express ~ˆjg in terms
of Wˆ ν. Applying thus another type of boost that maps Pˆµ to the rest frame
(cf. Eq. A.9) one ends up with another type of spin. In this way one finds
a relation between two kinds of spin, which turns out to be:
jˆja = B
−1
a (Vˆ )
j
νBb(Vˆ )
ν
k jˆ
k
b = Rab(Vˆ )
j
k jˆ
k
b . (A.15)
The rotation Rcf that transforms canonical spins c into front-form spins f ,
or vice versa, is called Melosh rotation [75]. The general transformation is
customary called generalized Melosh rotation.
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In summary, the notation and properties of the different types of boost
and their associated spins are given by
Type of boost Subscript Properties
canonical c rotationless
front form f they form a subgroup
helicity h Bh(v) = R(zˆ → vˆ)Bc(|~v|zˆ)
any other g -
A.1.2 The covering group of the Poincare´ group
Elements of the covering group of the Poincare´ group ISL(2,C) (or in-
homogeneous SL(2,C)) are 2 × 2 matrices (Λ, a) with det (Λ) = 1 and a
Hermitian [47]. Whereas the Poincare´ group acts on 4-vectors belonging to
the Minkowski space, the covering group of the Poincare´ group acts on spin
vectors belonging to the spin space. The relation between both groups can
be understood through the relation between the space-time coordinate xµ
and the corresponding 2× 2 Hermitian matrix [3]:
X := xµσµ =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
, xµ =
1
2
Tr(σµX), (A.16)
where σµ are the Pauli matrices (including σ0 = 12×2). A Poincare´ trans-
formation is given by
X → X ′ = ΛX Λ† + a. (A.17)
A composition of two (Λ, a) transformations is then:
(Λ2, a2) ◦ (Λ1, a1) = (Λ2Λ1,Λ2a1Λ†2 + a2), (A.18)
and the inverse:
(Λ, a)−1 = (Λ−1,−Λ−1a(Λ†)−1). (A.19)
The relation between (Λµν , a) and (Λ, a) is given by:
Λµν :=
1
2
Tr(σµΛσνΛ
†), and aµ =
1
2
Tr(σµa). (A.20)
Hence, the canonical boost matrix belonging to the covering group of
the Poincare´ group is given by:
Bc(v) :=
√
v0 + 1
2
σ0 +
~σ · ~v√
2(v0 + 1)
. (A.21)
The Wigner rotation defined by means of canonical boosts is in this case
RW (v,Λ) = B
−1
c (Λv)ΛBc(v). (A.22)
In order to simplify the notation, since elements of the ISL(2,C) can be
expressed as a function of elements of the Poincare´ group, we have avoided
the underline in all the expressions.
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Polarization vectors
The polarization vectors ǫµ(~0, σ) of a spin-1 particle with spin projection σ
are defined at rest by
ǫ(~0, 0) := (0, 0, 0, 1); (A.23)
ǫ(~0,±1) := ∓ 1√
2
(0, 1,±i, 0). (A.24)
Considering polarization vectors in an arbitrary frame requires to perform
a boost, that in our case is canonical (cf. Eq. A.11):
ǫµ(~k, σ) = Bc(v)
µ
νǫ
ν(~0, σ). (A.25)
A.1.3 Field operators
For the calculation of the vertex matrix elements, e.g. Eq. (B.3), from
the corresponding interaction Lagrangian densities we need the plane-wave
expansions of spin-12 and spin-1 field operators.
Dirac field
ψˆ(x) =
∑
σ=± 1
2
∫
d3p
(2π)32ωp
(
eip·x vσ(~p) dˆ†σ(~p) + e
−ip·x uσ(~p) cˆσ(~p)
)
, (A.26)
ˆ¯ψ(x) =
∑
σ=± 1
2
∫
d3p
(2π)32ωp
(
e−ip·x v¯σ(~p) dˆσ(~p) + eip·x u¯σ(~p) cˆ†σ(~p)
)
. (A.27)
Maxwell field
Aˆµ(x) =
3∑
σ=0
∫
d3p
(2π)32ωp
(−gσσ)
(
eip·x ǫµ(~p, σ)aˆ†σ(~p) + e
−ip·x ǫ∗µ(~p, σ) aˆσ(~p)
)
.
(A.28)
Dirac spinors
Spinors and the Dirac matrices are taken in the Dirac representation:
uρ(~k) =
√
ωk +m
(
ςρ
~σ·~k
ωk+m
ςρ
)
, vρ =
√
ωk +m
(
~σ·~p
ωk+m
εςρ
εςρ
)
, (A.29)
ε = iσ2, ςρ =
(
1
2 + ρ
1
2 − ρ
)
. (A.30)
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Dirac matrices
γ0 =
(
1 0
0 −1
)
, ~γ = γ0~α =
(
0 ~σ
−~σ 0
)
, (A.31)
γ5 =
(
0 1
1 0
)
, ~α =
(
0 ~σ
~σ 0
)
. (A.32)
Appendix B
Matrix elements
The following matrix elements are needed for the computation of matrix el-
ements of the optical potential that describes the one-photon-exchange scat-
tering process given in Eq. (3.11). They are inner products of free and cluster
velocity states, consistent with the normalization given by Eq. (2.15). α rep-
resents the discrete quantum numbers of the qq¯ cluster, i.e. (n, j, m˜j , [l˜, s˜]),
see also Refs. [17, 20]. For example, for a pseudoscalar meson we consider
(n, 0, 0, [0, 0]), and for a vector meson we will have (n, 1, m˜j , [0, 1]). This
affects the Clebsch-Gordan coefficients, and the subindices in the Wigner
D-functions. For weak decays we will write these quantum numbers explic-
itly, to distinguish pseudoscalar-to-pseudoscalar from pseudoscalar-to-vector
transitions.
B.1 Electromagnetic scattering
For electron scattering off a meson with spin j we have used for the compu-
tations of Sec. 3.11:
〈v;~ke, µe;~kq, µq;~kq¯, µq¯| v;~ke, µe;~kα, µα, α〉
= (2π)15/2v0δ
3(~v − ~v)δ3(~ke − ~ke)δµeµ
e
×
√
2ωke2ωkα
(ωke + ωkα)
3
√
2ωke2ωkqq¯
(ωke + ωkqq¯ )
3
√
2ωk˜q2ωk˜q¯
(ωk˜q + ωk˜q¯)
×
l˜∑
m˜l=−l˜
s˜∑
m˜s=−s˜
∑
µ˜q µ˜q¯=±1/2
C
jm˜j
l˜m˜l s˜m˜s
C s˜m˜s1
2
µ˜q
1
2
µ˜q¯
unl˜(|~˜kq|)Yl˜m˜l(
ˆ˜kq)
×D1/2µq µ˜q
[
RW
(
k˜q
mq
, Bc(vqq¯)
)]
D
1/2
µq¯ µ˜q¯
[
RW
(
k˜q¯
mq¯
, Bc(vqq¯)
)]
,
(B.1)
1We are not specifying here which of the quarks is heavy; we give the general expression
for a qq¯ bound state, and where we use the notation ωkqq¯ := ωkq + ωkq¯ .
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〈v;~ke, µe;~kq, µq;~kq¯, µq¯;~kγ , µγ | v;~ke, µe;~kα, µα;~kγ , µγ ;α〉
= (2π)21/2v0δ
3(~v − ~v)δ3(~ke − ~ke)δµeµ
e
δ3(~kγ − ~kγ)(−gµγµ
γ
)
×
√
2ωke2ωkα2ωkγ
(ωke + ωkα + ωkγ )
3
√
2ωke2ωkqq¯2ωkγ
(ωke + ωkqq¯ + ωkγ )
3
√
2ωk˜q2ωk˜q¯
(ωk˜q + ωk˜q¯)
×
l˜∑
m˜l=−l˜
s˜∑
m˜s=−s˜
∑
µ˜q µ˜q¯=±1/2
C
jm˜j
l˜m˜l s˜m˜s
C s˜m˜s1
2
µ˜q
1
2
µ˜q¯
unl˜(|~˜kq|)Yl˜m˜l(
ˆ˜kq)
×D1/2µq µ˜q
[
RW
(
k˜q
mq
, Bc(vqq¯)
)]
D
1/2
µq¯ µ˜q¯
[
RW
(
k˜q¯
mq¯
, Bc(vqq¯)
)]
,
(B.2)
〈v′;~k′e, µ′e;~k′q, µ′q;~k′q¯, µ′q¯;~k′γ , µ′γ | Kˆ†γ |v;~ke, µe;~kq, µq;~kq¯, µq¯〉
= 〈v;~ke, µe;~kq, µq;~kq¯, µq¯| Kˆγ |v′;~k′e, µ′e;~k′q, µ′q;~k′q¯, µ′q¯;~k′γ , µ′γ〉∗
= v0 δ
3(~v′ − ~v) (2π)
3√
(ωk′e + ωk′q + ωk′q¯ + ωk′γ)
3
√
(ωke + ωkq + ωkq¯)
3
×〈~k′e, µ′e;~k′q, µ′q;~k′q¯, µ′q¯;~k′γ , µ′γ |
(
Lˆeγint(0) + Lˆqγint(0)
)
|~ke, µe;~kq, µq;~kq¯, µq¯〉
= v0 δ
3(~v′ − ~v) (2π)
3√
(ωk′e + ωk′M + ωk
′
γ
)3
√
(ωke + ωkM )
3
(−1)
×
[
Qe u¯µ′e(
~k′e)γνuµe(~ke) ǫ
ν(~k′γ , µ
′
γ) (2π)
32ωkqδ
3(~k′q − ~kq)δµqµ′q
×(2π)32ωkq¯δ3(~k′q¯ − ~kq¯)δµq¯µ′q¯
+Qq u¯µ′q (
~k′q)γνuµq (~kq) ǫ
ν(~k′γ , µ
′
γ) (2π)
32ωkeδ
3(~k′e − ~ke)δµeµ′e
×(2π)32ωkq¯δ3(~k′q¯ − ~kq¯)δµq¯µ′q¯
+Qq¯ v¯µq¯ (
~kq¯)γνvµ′q¯ (
~kq¯) ǫ
ν(~k′γ , µ
′
γ) (2π)
32ωkeδ
3(~k′e − ~ke)δµeµ′e
×(2π)32ωkqδ3(~k′q − ~kq)δµqµ′q
]
, (B.3)
It is also useful to take into account the relation
d3k1
2ωk12ωk2
=
d3k˜1
2ωk˜12ωk˜2
(ωk˜1 + ωk˜2)
(ωk1 + ωk2)
. (B.4)
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B.2 Weak decays
The matrix elements needed for the calculation of matrix elements of the
optical potential (3.18) are2
〈~v′;~k′c, µ′c;~k′¯d, µ′¯d;~k′W , µ′W |Kˆ†cd¯W→bd¯|~v;~kb, µb;~kd¯, µd¯〉
= 〈~v;~kb, µb;~kd¯, µd¯|Kˆcd¯W→bd¯|~v′;~k′c, µ′c;~k′¯d, µ′¯d;~k′W , µ′W 〉∗
= v′0δ
3(~v′ − ~v) (2π)
3
(ωk′c + ωk′d¯
+ ωk′
W
)3/2(ωkb + ωkd¯)
3/2
δ3(~k′¯d − ~kd¯)(2π)32ωkd¯
×ǫ∗µ(~k′W , µ′W )δµ′
d¯
µd¯
−ieVcb√
2 sinϑW
u¯µ′c(
~k′c)γ
µ (1− γ5)
2
uµb(kb), (B.5)
〈~v′;~k′c, µ′c;~k′¯d, µ′¯d;~k′e, µ′e;~k′ν¯e , µ′ν¯e |Kˆ†cd¯W→cd¯eν¯e |~v;~kc, µc;~kd¯, µd¯;~kW , µW 〉
= 〈~v;~kc, µc;~kd¯, µd¯;~kW , µW |Kˆcd¯W→cd¯eν¯e |~v′;~k′c, µ′c;~k′¯d, µ′¯d;~k′e, µ′e;~k′ν¯e , µ′ν¯e〉∗
= v′0δ
3(~v′ − ~v) (2π)
3
(ωk′c + ωk′d¯
+ ωk′ν¯ + ωk′e)
3/2(ωkc + ωkd¯ + ωkW )
3/2
×δ3(~k′¯d − ~kd¯)(2π)32ωkd¯δ3(~k′c − ~kc)(2π)32ωkcǫµ(~kW , µW )δµ′d¯µd¯δµ′cµc
× −ieVcb√
2 sinϑW
u¯µ′e(
~k′e)γ
µ (1− γ5)
2
vµ′ν¯ (
~k′ν¯). (B.6)
Pseudoscalar meson transitions
〈~v;~kc, µc;~kd¯, µd¯;~ke, µe;~kν¯e , µν¯e |~v;~ke, µe;~kν¯e , µν¯e ;~kD, n, 0, 0, [0, 0]〉
= (2π)21/2v0δ
3(~v − ~v)δ3(~ke − ~ke)δµ
e
µeδ
3(~kν¯e − ~kν¯e)δµν¯eµν¯e
×
√
2ωke2ωkν¯2ωkD
(ωke + ωkν¯ + ωkD)
3
√
2ωke2ωkν¯2(ωkc + ωkd¯)
(ωke + ωkν¯ + ωkc + ωkd¯)
3
√√√√ 2ωk˜c2ωk˜d¯
2(ωk˜c + ωk˜d¯
)
×
∑
µ˜c,µ˜d¯=± 12
C000000C
00
1
2
µ˜c
1
2
µ˜u¯
un0(|~˜kc|)Y00(ˆ˜kc)
×D1/2µcµ˜c
[
RW
(
~˜kc
mc
, B(v′cd¯)
)]
D
1/2
µd¯µ˜d¯
[
RW
(
~˜kd¯
md¯
, B(v′cd¯)
)]
,
(B.7)
2Here we specify the qq¯ bound state wave functions to be pure s-wave and either that
of a pseudoscalar meson as that of a vector meson.
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〈~v;~kc, µc;~kd¯, µd¯;~kW , µW |~v;~kW , µW ;~kD, n, 0, 0, [0, 0]〉 =
= (2π)15/2v0δ
3(~v − ~v)δ3(~kW − ~kW ) (−gµWµW )
×
√
2ωkW 2ωkD
(ωkW + ωkD)
3
√
2ωkW 2(ωkc + ωkd¯)
(ωkW + ωkc + ωkd¯)
3
√√√√ 2ωk˜c2ωk˜d¯
2(ωk˜c + ωk˜d¯
)
×
∑
µ˜c,µ˜d¯=± 12
C000000C
00
1
2
µ˜c
1
2
µ˜d¯
un0(|~˜kc|)Y00(~˜kc)
×D1/2µcµ˜c
[
RW
(
~˜kc
mc
, B(vcd¯)
)]
D
1/2
µd¯µ˜d¯
[
RW
(
~˜kd¯
md¯
, B(vcd¯)
)]
,
(B.8)
〈~v;~kb, µb;~kd¯, µd¯|~v;~kB, n, 0, 0, [0, 0]〉 =
= (2π)9/2v0δ
3(~v − ~v)
√
2ωkB
ω3kB
√
2(ωkb + ωkd¯)
(ωkb + ωkd¯)
3
√√√√ 2ωk˜b2ωk˜d¯
2(ωk˜b + ωk˜d¯
)
×
∑
µ˜b,µ˜u¯=± 12
C000000C
00
1
2
µ˜b
1
2
µ˜d¯
un0(|~˜kb|)Y00(~˜kb)
×D1/2µbµ˜b
[
RW
(
~˜kb
mb
, B(vbd¯)
)]
D
1/2
µd¯µ˜d¯
[
RW
(
~˜kd¯
md¯
, B(vbd¯)
)]
.
(B.9)
Vector meson transitions
This transition concerns the quantum numbers of the final state α′ :=
(j′j ,m
′
j , [l
′, s′]) which now has spin-1. This affects to the Clebsch-Gordan
coefficients and the matrix elements are
〈~v;~ke, µe;~kν , µν , ~kD, n, 1, µD, [0, 1]|~v;~kc, µc;~kd¯, µd¯;~ke, µe;~kν¯e , µν¯e〉 =
= (2π)21/2v0δ
3(~v − ~v)δ3(~ke − ~ke)δµ
e
µeδ
3(~kν¯e − ~kν¯e)δµν¯eµν¯e
×
√
2ωke2ωkν¯2ωkD
(ωke + ωkν¯ + ωkD)
3
√
2ωke2ωkν¯2(ωkc + ωkd¯)
(ωke + ωkν¯ + ωkc + ωkd¯)
3
√√√√ 2ωk˜c2ωk˜d¯
2(ωk˜c + ωk˜d¯
)
×
∑
µ˜c,µ˜d¯=± 12
C
1µ
D
1
2
µ˜c
1
2
µ˜d¯
u∗n0(|~˜kc|)Y ∗00(ˆ˜kc)
×D∗1/2µcµ˜c
[
RW
(
~˜kc
mc
, B(vcd¯)
)]
D
∗1/2
µd¯µ˜d¯
[
RW
(
~˜kd¯
md¯
, B(vcd¯)
)]
,
(B.10)
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〈~v;~kc, µc;~kd¯, µd¯;~kW , µW |~v;~kW , µW ;~kD, n, 1, µD, [0, 1]〉 =
= (2π)15/2v0δ
3(~v − ~v)δ3(~kW − ~kW ) (−gµWµW )
×
√
2ωkW 2ωkD
(ωkW + ωkD)
3
√
2ωkW 2(ωkc + ωkd¯)
(ωkW + ωkc + ωkd¯)
3
√
2ωk˜c2ωk˜u¯
2(ωk˜v + ωk˜u¯)
×
∑
µ˜c,µ˜d¯=± 12
C
1µ
D
1
2
µ˜c
1
2
µ˜d¯
un0(|~˜kc|)Y00(~˜kc)
×D1/2µcµ˜c
[
RW
(
~˜kc
mc
, B(vcd¯)
)]
D
1/2
µd¯µ˜d¯
[
RW
(
~˜kd¯
md¯
, B(vcd¯)
)]
(B.11)
Derivation of the covariant W propagator
The two time ordered contributions to the transition amplitude given by
the matrix elements of the potential (3.18) in the weak decay (sketched in
Fig. 3.3) differ only in the propagators. Their sum leads to the covariant W
propagator. Taking into account that m = ωkB = ωk′D +ωk
′
e
+ωk′ν¯e and that
(ωk′e + ωk′ν¯e )
2 − ω2k′
W
= (k′e + k′¯νe)
2 + (~k′e + ~k′¯νe)
2 − k′2W − ~k′2W , one obtains:
1
2ωk′
W
(
1
m− ωk′
D(∗)
− ωk′
W
+
1
m− ωkB − ωk′W − ωk′ν¯e − ωk′e
)
=
1
(ωk′e + ωk′ν¯e )
2 − ω2
k′
W
=
1
(k′e + k′¯νe)2 −m2W
. (B.12)

Appendix C
Limits and frames
C.1 The heavy-quark limit
C.1.1 Boosts
In the h.q.l. and for the kinematics specified in Eqs. (5.8) and (5.11) the
matrices for the canonical boosts Bc(v
(′)
α ) ocurring in Eq. (5.13) are:
Bc(v
′
α) =


√
1 + ν2α u 0
√
ν2α − u2
u 1 +
(√
1+ν2α−1
)
u2
ν2α
0
(√
1+ν2α−1
)√
(1+2ν2α−v·v′)u√
2ν2α
0 0 1 0√
ν2α − u2
(√
1+ν2α−1
)√
(1+2ν2α−v·v′)(v·v′−1)
2ν2α
0
√
1 + ν2α −
(√
1+ν2α−1
)
u2
ν2α

 ,
(C.1)
B−1c (vα) =


√
1 + ν2α u 0 −
√
ν2α − u2
u 1 +
(√
1+ν2α−1
)
u2
ν2α
0 −
(√
1+ν2α−1
)√
(1+2ν2α−v·v′)u√
2ν2α
0 0 1 0
−
√
ν2α − u2 −
(√
1+ν2α−1
)√
(1+2ν2α−v·v′)u√
2ν2α
0
√
1 + ν2α −
(√
1+ν2α−1
)
u2
ν2α

 .
(C.2)
In the infinite-momentum frame, να → ∞, the product B−1c (vα)Bc(v′α),
which we need to relate k˜′Q and k˜Q (cf. Eq. (3.16)) is still well defined:
(
B−1c (vα)Bc(v
′
α)
)
IF
=


v · v′ 2u 0 2u2
2u 1 0 2u
0 0 1 0
−2u2 −2u 0 2− v · v′

 .
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In the Breit frame, να = u, this product becomes:
(
B−1c (vα)Bc(v
′
α)
)
B
=


v · v′ √v · v′2 − 1 0 0√
v · v′2 − 1 v · v′ 0 0
0 0 1 0
0 0 0 1

 .
C.1.2 Currents and form factors
Components of the point-like quark currents in the h.q.l.
The electromagnetic vertex jµ
µ′
Q
µQ
= u¯µ′
Q
(~k′Q)γ
µuµQ(
~kQ) in the h.q.l. for
every possible combination of initial and final spin projection is1:
j 1
2
1
2
→ mQ


3+2ν2α+2
√
1+ν2α−v·v′
1+
√
1+ν2α
0
i
√
2(v · v′ − 1)
2
√
1
2 + ν
2
α − v·v′2

 , j 12− 12 → mQ


−
√
1+2ν2α−v·v′
√
v·v′−1
1+
√
1+ν2α
0
0
−√2(v · v′ − 1)

 ,
(C.3)
j− 1
2
1
2
→ mQ


√
1+2ν2α−v·v′
√
v·v′−1
1+
√
1+ν2α
0
0√
2(v · v′ − 1)

 , j− 12− 12 → mQ


3+2ν2α+2
√
1+ν2α−v·v′
1+
√
1+ν2α
0
−i√2(v · v′ − 1)
2
√
1
2 + ν
2
α − v·v′2

 .
(C.4)
Let us define
S :=
∑
µQ,µ
′
Q
1
2
u¯µ′
Q
(~k′Q)γ
0uµQ(
~kQ)
(kQ + k
′
Q)
0
D
1/2
µQµ
′
Q
[
R−1W
(
k˜q¯
mq¯
, Bc(vα)
)
RW
(
k˜′q¯
mq¯
, Bc(v
′
α)
)]
=
1
2
u¯ 1
2
(~k′q¯)γ
0u 1
2
2Re
{
D
1/2
1
2
1
2
[
R−1W
(
k˜q¯
mq¯
, Bc(vα)
)
RW
(
k˜′q¯
mq¯
, Bc(v
′
α)
)]}
,
(C.5)
where the property of the D-functions,
Djσσ′(RW ) = (−1)σ
′−σDj∗−σ−σ′(RW ) (C.6)
and the observation that j01
2
1
2
= j0− 1
2
− 1
2
and j01
2
− 1
2
= −j0− 1
2
1
2
has been used.
1To simplify the notation the subindex α and the underline has been dropped in v and
v′ in this whole section.
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The infinite-momentum frame
In the infinite momentum frame, i.e. να →∞, one obtains
SIF =
2ωk˜′q¯
+ 2mq¯ +
√
2k˜′1q¯
√
v · v′ − 1
2
√
(ωk˜′q¯
+mq¯)(mq¯ +
√
2k˜′1q¯
√
v · v′ − 1 + k˜′3q¯ (v · v′ − 1) + ωk˜′q¯v · v′)
.
(C.7)
In the limit να →∞ one gets
ωk˜q¯ = 2k˜
′1
q¯ u+ 2k˜
′3
q¯ u
2 + ωk˜′q¯
(2u2 + 1) , (C.8)
so that one can write the spin factor in the simple form:
SIF =
mq¯ + ωk˜′q¯
+ k˜′1q¯ u√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (C.9)
The Breit frame
Similarly, for the Breit frame, i.e. να = u :=
√
(v · v′ − 1), we have
j 1
2
1
2
→ mQ


2
0
i
√
2(v · v′ − 1)
0

 , j 12− 12 → mQ


0
0
0
−√2(v · v′ − 1)

 ,
(C.10)
j− 1
2
1
2
→ mQ


0
0
0√
2(v · v′ − 1)

 , j− 12− 12 → mQ


2
0
−i√2(v · v′ − 1)
0

 .
(C.11)
In this case one gets
u¯µ′
Q
(~k′Q)γ
0uµQ(
~kQ)
(kQ + k
′
Q)
0
= δµ′
Q
µQ
√
2
1 + v · v′ , (C.12)
and the spin factor becomes:
SB =
(
k˜′1q¯
√
v · v′ − 1 + (ωk˜′q¯ +mq¯)
√
1 + v · v′
)
√
(ωk˜′q¯
+mq¯)(1 + v · v′)(mq¯ + ωk˜′q¯v · v′ + k˜
′1
q¯
√
(v · v′)2 − 1)
. (C.13)
Furthermore, in the Breit frame one has
ωk˜q¯ = 2k˜
′1
q¯ u
√
u2 + 1 + ωk˜′q¯
(2u2 + 1), (C.14)
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and the spin factor simplifies finally to:
SB =
mq¯ + ωk˜′q¯
+ k˜′1q¯
u√
u2+1√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
. (C.15)
Weak point-like currents
For weak pseudoscalar-to-pseudoscalar transitions only the vector part,
u¯µb(~v
′
D) γ
ν uµb(~vB), contributes and the axial-vector term vanishes in the
h.q.l. For every possible combination of initial and final spin projection,
and for the particular kinematics in weak decays the h.q.l. of the current
matrix elements becomes:
j 1
2
1
2
= m


√
2
√
1 + v · v′
0
0√
2
√−1 + v · v′

 , j 12− 12 = m


0√
2
√−1 + v · v′
−i√2√−1 + v · v′
0

 ,
(C.16)
j− 1
2
1
2
= m


0
−√2√−1 + v · v′
−i√2√−1 + v · v′
0

 , j− 12− 12 = m


√
2
√
1 + v · v′
0
0√
2
√−1 + v · v′

 .
(C.17)
After combining with the Wigner D-functions one gets for the total spin
factor:
SW
(
k˜′1q¯
√
v · v′ − 1 + (ωk˜′q¯ +mq¯)
√
1 + v · v′
)
√
(ωk˜′q¯
+mq¯)(1 + v · v′)(mq¯ + ωk˜′q¯v · v′ + k˜
′1
q¯
√
(v · v′)2 − 1)
, (C.18)
which turns out to be identical to (C.13), and thus
SW =
mq¯ + ωk˜′q¯
+ k˜′1q¯
u√
u2+1√
(mq¯ + ωk˜q¯)(mq¯ + ωk˜′q¯
)
, (C.19)
with
ωk˜q¯ = 2k˜
′1
q¯ u
√
u2 + 1 + ωk˜′q¯
(2u2 + 1). (C.20)
C.2 Extraction of form factors
Here we elucidate why the infinite-momentum frame and the Breit frame
are particularly convenient for determining the electromagnetic form factor
of a pseudoscalar meson.
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C.2.1 The infinite-momentum frame
In the infinite-momentum frame the kinematics for electron-meson scatter-
ing (cf. Eq. (4.4)) is such that
(p
α
+ p′
α
) = 2κα (1 , 0 , 0 , 1) , (C.21)
and
(p
e
+ p′
e
) = 2κα (1 , 0 , 0 , −1) . (C.22)
Since (p
α
+p′
α
)0 = (p
e
+p′
e
)0 = (p
α
+p′
α
)3 = −(p
e
+p′
e
)3, it is not possible
to distinguish two different form factors in the decomposition (5.14). One
has instead:
J˜0∞(~p
′
α
;~p
α
) = (p
α
+ p′
α
)0
(
f(Q2, s) + g(Q2, s)
)
=: (p
α
+ p′
α
)0 f˜(Q2, s), (C.23)
J˜3∞(~p
′
α
;~p
α
) = (p
α
+ p′
α
)3
(
f(Q2, s)− g(Q2, s))
=: (p
α
+ p′
α
)0
˜˜
f(Q2, s), (C.24)
where we have introduced f˜ and
˜˜
f for the sum and the difference of the
physical and spurious form factors, respectively. Adding both equations one
gets
J˜0[α](~p
′
α
;~p
α
) + J˜3[α](~p
′
α
;~p
α
) = (p
α
+ p′
α
)0 (2f(Q2, s)) =: J˜+[α](~p
′
α
;~p
α
)
= (p
α
+ p′
α
)0(˜f(Q2, s) + ˜˜f(Q2, s)) (C.25)
subtraction gives
J˜0[α](~p
′
α
;~p
α
)− J˜3[α](~p′α;~pα) = (pα + p′α)0 (−2g(Q2, s)) =: J˜−[α](~p′α;~pα)
= (p
α
+ p′
α
)0(˜f(Q2, s)− ˜˜f(Q2, s)) (C.26)
If one introduces now f+ and f− for the form factors that are associated
with the light-cone components of the currents J˜+[α](~p
′
α
;~p
α
) and J˜−[α](~p
′
α
;~p
α
)
respectively, one finds the following relations:
f˜(Q2, s) +
˜˜
f(Q2, s) = 2f+(Q2, s) = 2f(Q2, s), (C.27)
f˜(Q2, s)− ˜˜f(Q2, s) = 2f−(Q2, s) = −2g(Q2, s). (C.28)
The physical form factor f(Q2, s) can thus be identified with f+(Q2, s),
while the spurious one g(Q2, s), may be associated with f−(Q2, s). In the
infinite momentum frame one sees numerically, as well as analytically, that
J˜0∞(~p
′
α
;~p
α
) = J˜3∞(~p
′
α
;~p
α
). Therefore both, g(Q2, s) and f−(Q2, s), are zero
in the infinite momentum frame.
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Remarks
If J˜0∞(~p
′
α
;~p
α
) = J˜3∞(~p
′
α
;~p
α
) and (p
[α]
+ p′
[α]
)0 = (p
[α]
+ p′
[α]
)3 one finds the
relation with the +-component of the current customary used in the front
form:
J˜0∞(~p
′
α
;~p
α
)
(p
[α]
+ p′
[α]
)0
=
J˜3∞(~p
′
α
;~p
α
)
(p
[α]
+ p′
[α]
)3
=
J˜0∞(~p
′
α
;~p
α
) + J˜3∞(~p
′
α
;~p
α
)
(p
[α]
+ p′
[α]
)0 + (p
[α]
+ p′
[α]
)3
=
J˜+∞(~p
′
α
;~p
α
)
(p
[α]
+ p′
[α]
)+
(C.29)
C.2.2 The Breit frame
In the Breit frame, να = u, the kinematics is given by:
p
α
=
(
mα
√
v · v′ + 1
2
, −mαu , 0 , 0
)
, (C.30)
p′
α
=
(
mα
√
v · v′ + 1
2
, mαu , 0 , 0
)
, (C.31)
(p
α
+ p′
α
) =
(
2mα
√
v · v′ + 1
2
, 0 , 0 , 0
)
; (C.32)
and for the electron
p
e
= (mαu , mαu , 0 , 0) , (C.33)
p′
e
= (mαu , −mαu , 0 , 0) , (C.34)
(p
e
+ p′
e
) = (2mαu , 0 , 0 , 0) . (C.35)
since (p
α
+ p′
α
)ν ∝ (p
e
+ p′
e
)ν it is not possible to separate the physical and
the spurious form factors. From Eq. (4.3) one rather obtains
J˜µ[∞](~p
′
α
;~p
α
) = (p
α
+ p′
α
)µ
{
f(Q2, s) + u
√
2
v · v′ + 1 g(Q
2, s)
}
=: (p
α
+ p′
α
)µfB(Q
2, s). (C.36)
Note, however that fB(Q
2, s) differs from limνα→u f(Q
2, s). This means
that one obtains different results, depending on whether the physical form
factor is directly extracted in the Breit frame or physical and spurious form
factors are extracted in a frame different from the Breit frame and then the
Breit-frame limit is taken.
Appendix D
Exchange currents
D.1 The deuteron bound-state problem
D.1.1 The npσ wave function
In order to obtain the normalization of the full deuteron wave function it is
necessary to consider also the |ψnpσ〉 state. It follows from Eq. (8.4) that
Kˆ†σ|ψnp〉 =
(
mD − Mˆnpσ
)
|ψnpσ〉 ⇒ |ψnpσ〉 =
(
mD − Mˆnpσ
)−1
Kˆ†σ|ψnp〉.
(D.1)
|ψnpσ〉 represents the 3-particle component of the deuteron where the σ-
meson is in flight (see also Fig. D.1). Taking the inner product of the equa-
tion with 〈v′;~k′n, µ′n;~k′p, µ′p;~k′σ |, introducing the appropriate completeness
relations and the corresponding expressions for the σ-vertices one obtains
an expression in terms of the matrix elements 〈v;~kp, µp;~kn, µn|ψnp〉
〈v′;~k′n, µ′n;~k′p, µ′p;~k′σ|ψnpσ〉 = 〈v;~k′n, µ′n;~k′p, µ′p;~k′σ |
(
mD − Mˆnpσ
)−1
Kˆ†σ|ψnp〉
=
∑
µnµp
∫
d3v
(2π)3v0
d3kp
(2π)32ωkp
(ωkn + ωkp)
3
2ωkn
(mD − ωk′n − ωk′p − ωk′σ)−1
〈v′;~k′′n, µ′n;~k′p, µ′p;~k′σ|Kˆ†σ |v;~kp, µp;~kn, µn〉〈v;~kp, µp;~kn, µn|ψnp〉.
(D.2)
The matrix elements of the sigma-nucleon vertex are given by
〈v′;~k′n, µ′n;~k′p, µ′p;~k′σ |Kˆ†σ|v;~kp, µp;~kn, µn〉
= v0δ
3(~v − ~v′) (2π)
3
(ωk′n + ωk′p + ωk′σ)
3/2(ωkp + ωkn)
3/2
gσ(−1)
×
{
u¯µ′n(
~k′n)uµn(~kn)(2π)
32ωkpδ
3(~k′p − ~kp)δµ′pµp+
+ u¯µ′p(
~k′p)uµp(~kp)(2π)
32ωknδ
3(~k′n − ~kn)δµ′nµn
}
. (D.3)
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It is useful to take into account that in this case ωk′p = ωkn . The final result
is1
〈v;~k′n, µ′n;~k′p, µ′p;~k′σ |ψnpσ〉 =
(−gσ)
(ωk′n + ωk′p + ωk′σ)
3/2
(mD − ωkn − ωk′p − ωk′σ)−1
× 2√2ωkp∑
µn
u¯µ′n(
~k′n)uµn(~kn)
× 〈v;~kp, µp;~kn, µn|ψnp〉. (D.4)
We have thus expressed the wave function of the npσ component of the
deuteron in terms of the wave function for the np component.
=
Figure D.1: Graphical representation of Eq. (D.2).
1The Pauli-Villar particles have been ignored for simplicity; they contribute as an
identical term with the opposite sign and mσ replaced by the cutoff mass Λσ.
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D.2 The electron-deuteron scattering problem
D.2.1 Matrix elements of the optical potential
The matrix elements of the third term in Eq. (8.14) of the optical have the
following structure:
〈v′;~k′e, µ′e;~k
′
D, µ
′
D
|Kˆγ(m− MˆeDγ)−1Kˆσ(m− Mˆenpσγ)−1
× Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ|v;~ke, µe;~kD, µD〉
= v0δ(~v
′ − ~v) (2π)
3√
(ωk′e + ωk′D)
3(ωke + ωkD)
3
e u¯µ′e(
~k′e)γ
µuµe(
~ke)︸ ︷︷ ︸
jµe
× |e|
(
1
m− ωk′
D
− ωke − ωkγ
)
×
√
2ωkD2ωk′D
∫
d3k˜′p
√
ωk˜′n
+ ωk˜′p
ωk′n + ωk′p
1
2
√
ωk˜′n
ωk˜′p
×
∫
d3k˜p
√
ωk˜n + ωk˜p
ωkn + ωkp
1
2
√
ωk˜nωk˜p
1
2ωkγ
1
2ωk′′p
1
2ωkσ
×
(
1
m− ωke − ωkp − ωk′n − ωkσ
)(
gµν
m− ωke − ωk′′p − ωk′n − ωkσ − ωkγ
)
×
∑
µ′pµnµp
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u¯µ′p(
~k′′p)Γ
νuµp(
~kp)g
2
σ u¯µ′p(
~k′p)uµ′p(
~k′′p) u¯µn(~k
′
n)uµn(
~kn)
× C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)]
D
1/2
µpµ˜p
[
RW
(
k˜p
mp
, Bc (vnp)
)]
× C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
× u∗D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp) + (p↔ n). (D.5)
from which it is easy to identify the corresponding contribution to the
deuteron current (cf. Chap. 3). In addition to the integration over k˜′p, a sec-
ond integral appears, which runs over the intermediate state k˜p (in Sec. 8.4.2
k˜′′p was chosen), and accounts for the momentum that is transferred by the
σ-meson from one nucleon to the other. By a change of variables one can
express this as an integration over this momentum transfer, which we call
~˜q. The change requires some work, because
~˜
kp and ~˜q are defined in different
reference frames. One has to transform ~˜kp to ~kp (see Eq. (B.4)), which is
related to ~˜q by a simple translation:
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〈v′;~k′e, µ′e;~k
′
D, µ
′
D
|Kˆγ(m− MˆeDγ)−1Kˆσ(m− Mˆenpσγ)−1
× Kˆ†γ(m− Mˆenpσ)−1Kˆ†σ|v;~ke, µe;~kD, µD〉
= v0δ(~v
′ − ~v) (2π)
3√
(ωk′e + ωk′D)
3(ωke + ωkD)
3
eu¯µ′e(
~k′e)γ
µuµe(~ke)︸ ︷︷ ︸
jµe
× |e|
(
1
m− ωk′
D
− ωke − ωkγ
)
×
√
2ωkD2ωk′D
∫
d3k˜′p
√
ωk˜′n
+ ωk˜′p
ωk′n + ωk′p
1
2
√
ωk˜′n
ωk˜′p
×
∫
d3q˜
√
2ωk˜p2ωk˜n
2ωkn2ωkp
√
ωkn + ωkp
ωk˜n + ωk˜p
1
2ωkγ
1
2ωk′′p
1
2ωkσ
×
(
1
m− ωke − ωkp − ωk′n − ωkσ
)(
gµν
m− ωke − ωk′′p − ωk′n − ωkσ − ωkγ
)
×
∑
µ′pµnµp
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u¯µ′p(
~k′′p)Γ
νuµp(
~kp)g
2
σ u¯µ′p(
~k′p)uµ′p(
~k′′p) u¯µn(~k
′
n)uµn(
~kn)
× C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)]
D
1/2
µpµ˜p
[
RW
(
k˜p
mp
, Bc (vnp)
)]
× C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
× u∗D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp) + (p↔ n). (D.6)
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It is now easy to identify the exchange current contribution, where the
photon couples to the proton:
Jµ,exp (
~k′D, ~kD;µ
′
D, µD) =
√
2ωkD2ωk′D
∫
d3k˜′p
√
ωk˜′n
+ ωk˜′p
ωk′n + ωk′p
1
2
√
ωk˜′n
ωk˜′p
×
∫
d3q˜
√
2ωk˜p2ωk˜n
2ωkn2ωkp
√
ωkn + ωkp
ωk˜n + ωk˜p
1
2ωkγ
1
2ωk′′p
1
2ωkσ
×
(
1
m− ωke − ωk′′p − ωk′n − ωkσ − ωkγ
)(
1
m− ωke − ωkp − ωk′n − ωkσ
)
×
∑
µ′pµnµp
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u¯µ′p(
~k′′p)Γ
νuµp(
~kp)g
2
σ u¯µ′p(
~k′p)uµ′p(~k
′′
p) u¯µn(
~k′n)uµn(~kn)
×C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)]
D
1/2
µpµ˜p
[
RW
(
k˜p
mp
, Bc (vnp)
)]
×C1µD1
2
µ˜p
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
×u∗D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp). (D.7)
The other terms in Eq. (8.14) can be treated in an analogous way.
D.2.2 The deuteron exchange currents in the infinite-momentum
frame κD →∞
In the infinite-momentum frame the current matrix elements simplify fur-
ther. The spinor product u¯µ′p(
~k′′p)γνuµp(~kp), e.g., becomes in this limit:
u¯ 1
2
(~k′′p)γ
µu 1
2
(~kp)→


κD
m′np+2k˜
′
3
m′np
2k˜′1 +
(
−12 +
k˜′3
m′np
)
Q− 2q˜1
2k˜′2 + iQ − 2q˜2
κD
m′np+2k˜
′
3
m′np

 ; (D.8)
u¯ 1
2
(~k′′p)γ
µu− 1
2
(~kp)→


−Q
0
0
−Q

 ; u¯− 12 (~k′′p)γµu 12 (~kp)→


Q
0
0
Q

 ; (D.9)
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u¯− 1
2
(~k′′p)γ
µu− 1
2
(~kp)→


κD
m′np+2k˜
′
3
m′np
2k˜′1 +
(
−12 +
k˜′3
m′np
)
Q− 2q˜1
2k˜′2 − iQ− 2q˜2
κD
m′np+2k˜
′
3
m′np

 . (D.10)
ωkD → κD, ωk′P , ωk′′P , ωkP → κD
(
1
2
+
k˜′3
m′12
)
, ωk′
N
→ κD
(
1
2
− k˜
′
3
m′12
)
(D.11)
And
u¯µ′p(
~k′p)uµ′p(
~k′′p)→ κD
m′np + 2k˜′3
m′np
, u¯µn(
~k′n)uµn(~kn)→ κD
m′np − 2k˜′3
m′np
,
√ωk′
D
ωkD
2ωkp
→ m
′
pn
m′pn + 2k˜3
. (D.12)
For point-like nucleons, i.e. Γµp = γµ and Γ
µ
n = 0, Eq. (D.7) in the limit
leads to:
Jµ,exD (k
′
D, µ
′
D; kD, µD)
=
∫
d3k˜′n
∫
d3q˜
√
mnp
m′np
g2σ
(
1
ωσ
)2 1
Q + ωσ
2m′pn
m′pn + 2k˜3
×
∑
µ′p
∑
µ˜nµ˜pµ˜′nµ˜
′
p
u∗D(|~˜k′p|)Y ∗00(~ˆ˜k′p)uD(|~˜kp|)Y00(~ˆ˜kp) u¯µ′p(~k′′p)γµuµp(~kp)
× C1µ′D1
2
µ˜′p
1
2
µ˜′n
D
1/2
µ˜′pµ
′
p
[
R−1W
(
k˜′p
mp
, Bc (vnp)
)
RW
(
k˜p
mp
, Bc (vnp)
)]
× C1µD1
2
µ˜P
1
2
µ˜n
D
1/2
µ˜′nµ˜n
[
R−1W
(
k˜′n
mn
, Bc
(
v′np
))
RW
(
k˜n
mn
, Bc (vnp)
)]
. (D.13)
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